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Abstract: For semilinear control systems the Lyapunov spectrum is approximated via the Floquet
and the Morse spectrum. If the semilinear control system possesses singular subspaces, which
correspond to blockdiagonality of the system, it can be shown that the analysis of these two spectra
can be reduced to these lower-dimensional systems. The Floquet spectrum of control sets with
nonvoid interior is contained in the Floquet spectra on the restricted control systems. The Morse
spectrum is contained in the Morse spectra of the restricted systems. In particular, all Lyapunov
exponents are attained on the singular subspaces.
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1. Introduction

We are interested in the Lyapunov spectrum of semilinear control systems

z(t) = A(u(t))z(t), tER, z(0) = 2o € R4 \ {0}, (11)
u(-) €U == {u(-) : R — R? : measurable, u(t) € Ua.e.}, '

where A : V — Mat(d, R) is continuous on an open set V', and possesses subspaces, which
are invariant under every applied control. We denote such invariant subspaces as singular.
We look at the case, where we can decompose the semilinear control system into certain
subsystems by restriction. If R? is decomposable into a direct sum of singular subspaces,
this corresponds to a blockdiagonalization of A(u) in a certain base. For instance this
situations occurs, if our system possesses some state-space symmetries. This means, that
A(u) commutes with the action of some transformation group. The linear maps, which
commute with a transformation group have some invariant subspaces in common, see e.g.
[?] (Aston et al., 1994), Theorem 2.8. If one applies this to the right-hand side of (1.1), we
get a decomposition of the semilinear control system into singular subspaces.

The Lyapunov spectrum of semilinear control systems has been investigated in detail by
Colonius and Kliemann, see e.g. [?] (Colonius et al., 1996), and [?] (Colonius et al.,
1996) for the control flow point of view. Our attempt to analyse the Lyapunov spectrum
follows their way. The Lyapunov spectrum is approximated from ‘within’ by the Floquet
spectrum, and an ‘outer’ approximation is made via the the Morse spectrum. Then the
Lyapunov spectrum is sandwiched in between. In focus of this paper lies therefore the
Floquet and the Morse spectrum of the semilinear control system. The blockdiagonal form
of the semilinear control systems we investigate makes it possible to simplify the analysis
of these two spectra. We will show, that these spectra are characterized by the reduced
systems on the singular subspaces. This is an important fact for the numerical analysis
of the Lyapunov spectrum. Instead of working with one high-dimensional system, the
computational work can be distributed to several lower-dimensional control systems.

The outline of the paper is as follows. In the next section, we give a brief review of
the control theoretic background we need. The exponential growth behavior of linear
differential equations (or linear flows) can be studied via the associated (angular) system
on the projective space P4~1. If the system is decomposable into singular subspaces, we
get new control systems by restriction to these subspaces.
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In the third section, the Floquet spectrum stands in the center of view. The problem
is, that we can not directly apply the results of [?] (Colonius et al. 1996), because if
the semilinear control system is decomposable into singular subspaces, the necessary non-
degeneracy assumption is violated. Hence we introduce the concept of the projection of
points in P41 on the projected singular subspaces. With help of this projection it is shown,
that we can project control sets with nonvoid interior in P! down to the projected singular
subspaces. This enables us to characterize the Floquet spectrum of the main system by
the Floquet spectra of the projected control system.

For analysing the Morse spectrum, we have to restrict ourselves to a subclass of semilinear
control systems, the bilinear control systems. Here we can introduce the notion of control
flow and use topological dynamics to analyse the spectrum. As with the Floquet spectrum,
our attempt is to characterize the Morse spectrum with help of the restricted control
systems. The result is, that we actually can restrict us to this subsystems, because on these
subsystems all Morse exponents are attained. For numerical computations this means, that
we only have to compute the Lyapunov spectrum of lower dimensional systems to get the
whole Lyapunov spectrum.

In the fifth section, we give conditions under which the Floquet, the Lyapunov and the
Morse spectra on the singular subspaces all coincide. This result will be used in the last
section to compute the Lyapunov spectrum of four coupled oscillators.

2. Preliminaries

We consider the semilinear control system

z(t) = A(u(t))=z(t), t €R, z(0) = 7o € R? \ {0}, 2.1)
u(:) €U := {u(-) : R = R? : measurable, u(t) € U a.e.}, ’

where U C R, A : V — Mat(d,R) is continuous on an open set V O U. Here Mat(d, R)
denotes the space of real d x d-matrices. We will assume, that (2.1) has for every z € R\ {0}
and every u(-) € U, a unique trajectory ¢(-,z,u(-)) on R with ¢(0,z,u(-)) = z . Sometimes,
we will denote the semilinear control system as the main system.

We say, that a subspace W < RS, W # {0} is singular, if
A(u)W CW (2.2)

for all w € U. In this article, our main interest lies in the case, if we can decompose the
space R? into an direct sum of singular subspaces.

Definition 2.1. The state space R? of the control system (2.1) is decomposable into
singular subspaces Wi,...,Wx # {0}, K € N\ {0} if R =W, ®...® Wk and

A(u)W; CW;, forallu € Uand all i € {1,...,K}.

If the state space of the control system (2.1) is decomposable into singular subspaces, this
corresponds to a blockdiagonalization of A(u) in a certain base of R? for every u € U.
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The restrictions of our semilinear control system (2.1) on these singular subspaces W; are
again semilinear control systems. These semilinear control systems are given by

i(t) = (
u(-) €U ==
on the singular subspaces W;. For every i € {1,..., K} we denote by ¢;(-,z;,u(-)) the

associated trajectories, which are unique on R according to the assumptions on our main
control system (2.1). Note, that for all u(-) € U and all z; € W; we have

D, zi(t),  teR,  z;(0) =2 € Wi\ {0},

(t
{u(:) : R — R? : measurable, u(t) € Ua.e.}, (2.3)

o(t, i, u(-)) = @i(t, i, u(-)), for all t € R.

This motivates the term ‘singular’ subspaces. Similar to an equilibrium point, which is
usually denoted as singular point, trajectories starting in the singular subspaces, remain
in them.

We are interested in a characterization of the entire Lyapunov spectrum of (2.1), i.e. in all
Lyapunov exponents

Au("),2) = lim sup [l (£, 2, u(-)) || (2.4)
where (u(-),z) €U x R? . We define the Lyapunov spectrum of (1.1) as

Yy = {Mu(), ) : (u(-),z) €U x RY ,x # 0} (2.5)

Because of linearity of (2.1), it holds that A(u(-),z) = A(u(:),az) for all @ # 0. Thus
the exponential growth behavior of linear differential equations can be studied via the
associated (angular) system on the projective space P4~!. The projected control system is
defined as

p(t) = h(p(t),u) = [A(u) — p" () A(w)p()Id]p(t), t € R, p(0) =po € P4, (2.6)
u(-) €U == {u(-) : R — R¢ : measurable, u(t) € U a.e.}, ’

If we have a state space decomposition of the semilinear control system (2.1) into a direct
sum of K singular subspaces W;, we get the following K control systems on the projective
singular subspaces P(W;):

pi(t) = h(pi(t),u) = [A(u)ly, — pT () A(w)lw, p(t)Idw]p(t),
t € R, p(0) = p) € B(W;), (2.7)
u(-) €U := {u(-) : R = R? : measurable, u(t) € U a.e.}.

Here P(-) denotes the natural projection P : R? \ {0} — P?~!. For subspaces W; we just
write P(W;) instead of P(W; \ {0}).

We denote the solutions of (2.6) by Py(-, pg,u(+)) and by Pp;(-,p?,u(-)) the solutions of
the projected control systems on the projective singular subspaces P(W;). Note, that for
all u(-) € U and all p; € P(W;) the following equality holds

Po(t, pi, u(-)) = Pp;(t, pi, u(-)), Vt € R
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Using piecewise constant controls, one can associate to the system (2.1) the systems group
and semigroup, respectively:

t; €R B = A(Uj),Uj eU,
j=1,...n,neN

tj > OaBJ = A(uj)au] ey,
j=1...n,nmeN

G:= {exp(tan) ...exp(t1B1) : } C GL(d,R) (2.8)

S = {exp(tan) ...exp(t1By) : } C GL(d,R) (2.9)

The sets G; and S denote the group and semigroup elements at time ¢, i.e. with >>0_, [t;| =
t, and G<; and S<; denote group and semigroup elements with 377, [t;| < ¢, Note that G
and S act on a natural way on both R? and P4~! via g(z) = g-z and g(p) = P(g-P~*(p)).
We do not distinguish in our notation between these two actions, because it is always clear
from the context, which one is referred to.

The positive (and negative, respectively) orbit of an element = € P~ up to time 7" > 0 is
given by
OZf,(z) = {yePil:thereisg€ S« withy = gz}
- (2.10)
OZ,(z) = {yePil:thereis g€ S« with z = gy}

O*(z) (and O~ (x)) are the orbits 0L, (z) (and OZ4(z)), i.e. with respect to the entire
semigroup S.

Definition 2.2. A nonempty set D C P4 ! is called a control set of the control system
(2.6) if

(C1) D C clO*(z) for every = € D.

(C2) for every z € D there is u(-) € U such that the corresponding trajectory of (2.6)
satisfies Po(t, z,u(-)) € D for all t € R.

(C3) is maximal (with respect to set inclusion) with the properties (C1) and (C2).

A control set D is called invariant if in addition to (C1), (C2) and (C3) following holds
(C4) clD = clO*(z) for every z € D

Every other control set is called variant.

If we have a state space decomposition of the semilinear control system (2.1) into singular
subspaces W;, we can introduce for the projected control systems (2.3) the system groups G;
and the systems semigroups S; through the fundamental solutions of (2.3) on the singular
subspaces. These ‘new’ system groups G; act in the same way on the projective singular
subspaces P(W;) as the original system group G does. In fact, for every element g; € G;
there exists an element g € G, such that g; is the restriction of g on W; resp. P(W;). So we
do not make a notational difference between G; and G and between S; and S. Therefore,
the orbits of a point z € P(W;) induced by the action of S and S; are identical, and we only
use the first notation. Because of this, it is also clear, that the control sets of the restricted
systems (2.7) are actually control sets for the main system (2.6) and that a control set
of the main system, which lies in a projective singular subspace, is a control set for the
induced system on this projective subspace.
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3. The Floquet spectrum

An ‘inner’ approximation of the Lyapunov spectrum can be obtained by considering the
Floquet spectrum of the system (2.1). We introduce the following abbreviation, which will
be used in this section frequently. We define

Upe = {u : R — U : u(-) piecewise constant}

the set of piecewise constant control functions, which is a subset of /. Every element
g € §;,7 > 0 is associated with a piecewise constant control function uy,. Given g =
exp(tnA(uy)) . ..exp(toA(u,)) for n € N with u, € U and ¢, > 0, such that Y7 (¢, = 7,
we define the corresponding (non-unique) control via

ugr(t) == u;

for t € [t;,ti11], extended T-periodically to R.

The Floquet spectrum describes the Lyapunov spectrum of periodic solutions of the semi-
linear control system, if we apply piecewise continuous control functions. As we have seen,
the periodic trajectories are closely related to the systems semigroup S. The main idea
behind the Floquet spectrum is, that we can describe periodic trajectories of the projected
control system in a different way. A trajectory Po(-,Pz,u(-)) is a periodic trajectory iff
there exists 7 > 0 and u € R with

(,0(7', T, U()) = pr

for a x € P~!(Pz). Thus z is an eigenvector for a real eigenvalue u of the linear time-
7 solution. If the main system fulfills a non-degeneracy property (the accessibility rank
condition), the systems semigroup S can be used to describe control sets with nonvoid
interior. Here we give a short survey of the results of Colonius and Kliemann, for further
information see [?] (Colonius et al., 1996).

We say, that the control system (2.6) on projective space satisfies the accessibility rank
condition (ARC), if

dimLA{h(-,u) :u € U}(p) =d — 1 for allp € P4 . (ARC)

Here h(-,u) denotes the vector field of the projected system on P! as defined in (2.6) for
constant u € U, LA denotes the Lie algebra generated by these vector field, and dim£L.A(p)
is the dimension of the distribution generated by LA in the tangent space T,P4~! of P4-1
at the point p € P41, The assumption (ARC) is equivalent to the requirement that the
system (2.6) is locally accessible, see e.g. [?] (Isidori, 1989). Furthermore, the accessibility
rank condition implies, that the interior intS<; of S<; in G is non-empty. For g € GL(d, R)
let spec(g) be the spectrum of g and E()) the (generalized) eigenspace of A € spec(g). We
introduce the notation

<
|

U{E(\) : X € spec(g),g € intS} C R? , and
P(V) = {P(E(N): X € spec(g),g € intS} C P

The following result was proved in [?] (Colonius et al., 1996), Theorem 3.10.
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Theorem 3.1. Let the accessibility rank condition (ARC) be satisfied.

(i) There are L control sets D1,...,Dy, 1 < L < d with nonvoid interior, which we call
main control sets. The connected components of P(V) are the interiors of the main
control sets.

(ii) The main control sets are linearly ordered by
D; < D; if there exists z; € D;,z; € Dj,t > 0 and g € S; with gz; = ;.
We enumerate the main control sets such that D; < ... < Dy,.

(iii) For every g € intS<;, and every main control sets D there exists p € spec(g) with
P(E(p)) C intD. Furthermore, if p, ' € spec(g) with Rey < Rey/, and P(E(u)) C
intD,P(E(y')) C intD’, then D < D'.

(iv) If for g € S and p € spec(g) one has P(E(u)) C intD for some main control set D,
then g € intS<; for some ¢ > 0.

This theorem suggests following definition.

Definition 3.2. Let D be a control set with nonvoid interior of the projected control
system (2.6). The Floquet spectrum over D is defined as

_ _ x € intD and u(-) € Up, is T-periodic
Zm(D) = {)\(u(),m) * for at > 0,such that Po(r,z,u(-)) ==

The Floquet spectrum of the semilinear control system (2.6) is
Sp = JEm(D)

where the union is taken over all control sets D C P4 ! with nonvoid interior.

It is clear, that Xp; C Xp,, which justifies the notion of an ‘inner’ approximation of the
Lyapunov spectrum.

If the accessibility rank condition (ARC) is satisfied, many results concerning the Floquet
spectrum are known, see [?] (Colonius et al., 1996), section 4. But if our main control
system (2.1) is decomposable into singular subspaces, the following lemma states, that the
accessibility rank condition can not be satisfied.

Lemma 3.3. Assume, that state space of the semilinear control system (2.1) is decom-
posable into singular subspaces Wi,..., Wi with K > 2. Then the projectivized control
system (2.6) is not locally accessible. Therefore the accessibility rank condition (ARC) is
not satisfied.

Proof. Because of the invariance of the projectivized control system (2.6), the orbit of a
point z € P(W;) lies entirely in P(W;). Therefore, the orbit has void interior, and the
control system (2.6) cannot be locally accessible. [

Our aim is to specify the Floquet spectrum of the semilinear control system with the help
of the singular subspaces. Because of the absence of local accessibility, many tools of
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geometric control theory are not applicable in this case. However the Floquet spectrum is
closely related to control sets with nonvoid interior. The idea is to describe these control
sets with the help of the restricted control systems (2.7). For this analysis, we have to
introduce projection maps on projective subspaces P(W;).

Recall, that if we have a decomposition R¢ =V @ W of R? into linear subspaces V and
W with V,W # {0}, we can write every element z € R? as 2 = v + w with unique v € V
and w € W. The projection of R? (along W) onto the linear subspace V is defined via

pry: RE SV
v+w — v

The projection pry has following properties
pry - pry = pry and pry(V)=V

We transfer the concept of projection to the projective space P41

Definition 3.4. Let R = V @ W be a decomposition of R? into linear subspaces V and
W with V, W # {0}. The projection of P*~! onto P(V) is the map

Py: P(RI\W) — PB(V)
x = Ppry (P (2))).

Remark 3.5. i) Note, that the projection Py is well-defined, since
P(R \ W) = P({z € R : pryz # 0}).

We denote the domain of definition by Dom(Py-), which is an open subset of P4~1. Tn
particular, subsets of P(R? \ W) which are open with respect to the induced topology
on P(R? \ W), are open subsets in P41

ii) The name projection for Py comes from following properties

]P’V o IP’V = ]P’V and ]Pv(IF’(V)) = ]P’(V)
iii) The projection Py is an open and closed, differentiable function.

If the state space ofsemilinear control system (2.1) is decomposable into nontrivial singular
subspaces W1,...,Wg, K > 1, we denote the projection on P(W;) by P; instead of Py, .
Note, that
K
Dom(IP’i) = P(Rd \ @ WJ)
=1, j#i

Remark 3.6. If the semilinear control system (2.1) is decomposable into singular sub-
spaces W1, ..., Wk, then for every z € Dom(P;) and every ¢ = 1,..., K it holds that:

Pi(Po(t, z,u(:))) = Po(t, Pi(z), u(-)) = Pp;(t,Py(x),u(-)) for all t € R. (3.1)
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The next proposition shows, that the projections of control sets onto projective subspaces
ly in control sets.

Proposition 3.7. Assume, that the state space of the semilinear control system (2.1) is
decomposable into singular subspaces W1,...,Wx, K > 1. Let D C P41 be a control set
of the projectivized control system (2.6).

Then there exists a nonempty index set Z(D) C {1,..., K}, such that for all i € Z(D):

D C Dom(P;) (3.2)
and the set

Pi(D) C (W) (3.3)

satisfies the conditions (C1) and (C2) for control sets. In particular, P;(D) is contained in
a control set.

If D is an invariant control set, then in addition to this, P;(D) satisfies condition (C4).

Proof. Suppose that D NDom(P;) =@ for all i € {1,..., K} and let Pz = lP’(Z]K:1 zj) €D
for z; € W;. This implies Pz € lP’(EB]K:Lj# W; \ {0}) for all i = 1,..., K. Therefore
z; = 0 for all 4 = 1,..., K, which contradicts Z]K:l zj # 0. Hence there is at least one
i € {1,...,K} with D N Dom(P;) # 0.

Consider all indices i;,...,74; C {1,..., K} with
D N Dom(P;,,) # 0

for m=1,...,I. We define
Z(D) :={i1,..., 0}

and prove, that this is the desired index set. First we have to show the inclusion (3.2).
Assume, that there exists a # € D and an i € Z(D) with z ¢ Dom(P;). Since P4~1\
Dom(P;) = P(Bj-, j.; W;) it would follow, that D is a subset of P(D]<, ;. W;). But
this contradicts the construction of Z(D).

Because (3.2) is valid, the control set D lies in the domain of definition of the maps
P;,i € Z(D). Thus we can project D onto the subspaces P(W;), and we get the sets P;(D).
Next, we have to show, that for every z; € P;(D) there exists an u(-) € U, such that
Po(t,z;,u(-)) € D forallt > 0. Now D is a control set, and therefore for every z € D there
is an u(-) € U with Po(t,z,u(-)) € D for all t > 0. Since Pp(t, z,u(:)) lies in the domain of
definition of P;, we have

]P’(p(t, PZ('T),U()) = Pz’(P(p(t,:E,’U,(-))) € 11J]Z(D)

for all t > 0, and (C1) is shown.
Next, we show, that for all z; € P;(D) following inclusion holds:

P;(D) C clO™ (z;)
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We take x;,y; € D. By definition of P;(D) there exists z,y € D with z; = P;(z) and
y; = Pi(y). Because D is a control set, there exists a sequences {gp }neny C S with

J, 900 =

Using the equality P;(gnz) = g,Pi(z) and the continuity of P;, we get

yi = Piy) = Pi( lim_g,z) = lim gnPi(z) = lim g,z;.
That means, that y; € clO%(z;), and that P;(D) C clO*(z;). We have shown property
(C2) for control sets and as P;(D) satisfies property (C1), as shown before, it is part of a
control set D; C P(W;), see [?] (Hackl, 1996), Lemma 1.2.5.

If D is an invariant control set, we have to show that for all z; € D the following equality
holds:
CH[DZ'(D) = Cl(’)+($i).

As we have seen before, P;(D) is a subset of 10T (z;), which implies the inclusion cIP;(D) C
clO* (z;). We now show the other inclusion. Given z; € D and y; € O (z;), there exists a
g € § with

Yi = gT;.

Because z; lies in the projection of the control set D, there is a € D with P;(z) = x;.
We define y := gz, and because D is an invariant control set, y lies in clD. Thus there
is a sequence {zp}ney C D with lim, o 2, = y. Now the projection of this sequence
on the projective singular subspace P(W;), defines a sequence {P;(zy)}nen C P(W;) which
converges to y; for n — oco. This means, that y; € cIP;(D) which implies that O (z;) C
clP;(D) for all z; € D. Because this implies clO" (z;) C clP;(D), we have shown property
(C4). [l

It is clear, that if D is a subset of a singular subspace P(W;), the only applicable projection
of D is the projection P;. In this case Z(D) = {i}. More generally, if there are iy,...,%4; C
{1,...,K} such that D CP(W;, @ ... ® W;,), then Z(D) C {i1,..., 0}

Control sets with nonvoid interior, which are of special interest for us, can be projected on
every projective singular subspace P(W;).

Corollary 3.8. Assume, that the state space of the semilinear control system (2.1) is
decomposable into singular subspaces W1,...,Wg,K > 1. Let D C P%! be a control
set with nonvoid interior. Then we can project D onto every projective singular subspace
P(W;),i=1,...,K.

In addition to this P;(D) C P(W;) are sets with nonvoid interior, with respect to the
induced topology on P(W;).

Proof. Assume that Z(D) # {1,..., K} where Z(D) denotes the index set introduced in
Proposition 3.7. Then there exists ¢ € {1,... K} with D N Dom(P;) = (). But this implies
D C ]P’(ZJK:M# W;), and D would have void interior. This shows the first assertion.
Because the projections P; are open, the interior of D is mapped to open sets with respect
to the induced topology on the projective singular subspaces. [l
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The projection of control sets allows us to characterize the Floquet spectrum of a control set
D C P4 ! with nonvoid interior. Here we use the Floquet spectrum of control sets, which
ly in the projected singular subspaces and have nonvoid interior in the relative topology.
We define the Floquet spectrum of such a control set D; C P(W;) is defined as
z; € intpyD; and u(-) € Uy, is T-periodic
Sei(Di) = {M(u(),z) - L R pe
Fi(Di) { (u(), =) for a7 > 0,such that Py;(7, z;,u(")) = z;

Here intp -y D; denotes the interior of D; relative to P(W;).
(W)

Theorem 3.9. Assume that the state space of the semilinear control system (2.1) is de-
composable into singular subspaces Wi,...,Wx. Let D C P% ! be a control set with
nonvoid interior. Then

Em(D) C ﬂ Zri(Dy)

where the D; C P(W;) are control sets with nonvoid interior in the relative topology on
P(WZ) with ]Pz(D) C D,.

Proof. Let Pz € intD and take a 7-periodic piecewise constant control function u(-) € Uy,,
such that the associated trajectory Pp(t,Pz,u(-)),t € [0,7] is 7-periodic. We showed in
Corollary 3.8., that we can project D on every projective singular subspace P(W;), and that
P;(D) is part of a control set D; C P(W;) with nonvoid interior in the induced topology on
P(W;). Since Pz lies in the interior of the control set D, and because P; is an open map,
the projection P;(Pz) lies in the interior of P;(D).

Now the projection of the trajectory Py(-, Pz, u(-)) on P(W;) is T-periodic, because
Pi(Pz) = Pi(Po(7, Pz, u(-)) = Ppi(1, Pi(Pz), u(-))

The Lyapunov exponent of (u(-), Px) is given by the time-7 solution operator g, .) . There
exists an p € R such that every x € P~!(Pz) is an eigenvector of Gu(-),r» that means
Ju(-),+T = pz. By definition, g, () is an element of the systems semigroup S, and it follows

€S;

gu(-),‘r W;

for every i = 1,..., K. Thus pri(z) € W; is an eigenvector of g,.)
Therefore A(u(-), P;(Pz)) = A(u(-), P(pri(z))) = L log |u| and it follows that

ith eigenvalue u.
Wiw genvalue p

Au(), Pz) = A(u(-), Pi(Pz))

Since this equality holds for all s = 1,..., K, the assertion follows. i

If the accessibility rank condition (ARC) holds on every projective singular subspace, we
can describe the Floquet spectrum with the help of the main control sets on the projected
singular subspaces .
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Corollary 3.10. Assume that the state space of the semilinear control system (2.1) is
decomposable into singular subspaces Wi,..., Wg. Let the accessibility rank condition
(ARC) be satisfied for the restricted control systems (2.7). Then the Floquet spectrum of
the semilinear control system (2.1) is

K L '
Sm C Y U Em(D))
i=14=1

where the D{ C P(W;) are the main control sets of the projected control systems (2.7) on
P(W;).

Proof. Since the accessibility rank condition holds on the projective singular subspaces
P(W;), we can apply Theorem 3.1. to the restricted control systems (2.7). For every
1 = 1,..., K there exist main control sets D},...,DZL" C P(W;) with nonvoid interior
in the relative topology on P(W;). Let D be a control set in P4~! with nonvoid interior.
Since the projection P; is an open map, the image P;(D) has nonvoid interior in P(W;) in
the relative topology. Because P;(D) is a subset of a control set, it is part of a main control
set in P(W;) for 2 = 1,..., K. Thus, a Floquet exponent which belongs to the control set
D in the main system is a Floquet exponent of a main control set on a projected singular
subspace. [l

4. The Morse spectrum

In the previous section, we have looked at semilinear control systems. In this section we
are interested in the following special case, namely bilinear control systems.

#(t) = Aoz(t) + L% wi(t) Aiz(t),  t€R  z(0) =z € RY,

u(+) € Uppe := {u(-) : R = U : u(-) locally integrable}, (4.1)

where U C R™ is convex and compact, and A; € Mat(d,R) for all : = 0,...,m. There is
an associated control system on projective space

p(t) = hip,u(), tER,  p(0) =po e P, (4.2)
u(-) € Uoe :={u(-) : R = U : u(-) local integrable}, '

Here the angular component is h(p, u) = ho(p)+ 1%, u;hi(p) with h;(p) = [A;—pT AjpId]p
for 5 =0,...,m.

For the bilinear control systems, the assertions of the previous section hold too. The reason
for restricting ourselves to this subclass of semilinear control systems is, that in this case,
we are now able to define a continuous control flow for the bilinear system. The flow point
of view allows us to use concepts and techniques from topological dynamics for the analysis
of the Lyapunov spectrum.

We will denote in this section elements of the projective space P4~! by Pz, Py,.... This
notation is useful, if we have to represent elements of the projective space by elements of
R .
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We look at the associated control flow, which is given by

®: RxUxR — UxR?
(t,u(-),x) — é(tau()al') = (et(u())a(p(tawau())
where 6;(u(-)) := u(t + -) is the usual shift by ¢. If one endows U with the weak* topology

of L (R, R™)*, then ® becomes a continuous flow, see [?] (Colonius et al., 1996) for details.
With the control flow on I x R* we associate the projectivized flow

(4.3)

Pd: RxUxP1 — Y xpil

(tu(),P) > (Bi(ul), Polt, Pz, u()) (4.4)

Note, that the control flow ® is a linear flow on the vector bundle 7w : U x R — U{. This
means, that
w(D(t,u(-),z1)) = 7(®(¢,u(-), z2)), and
(¢, a((u(-), z1) + (u(-), 22))) = a@(t, u(-),z1) + a®(t, u(-), 22))
for all (u(-),z1), (u(-),z2) € U x R? and a € R. For the definition of vector bundles

compare e.g. [?] (Karoubi, 1978). The projectivized flow P® can also interpreted as the
projectivization of the linear flow on the projective bundle Px : U x P4~ — 1.

For ¢,T > 0 an (g,T)-chain ¢ of P® is given by n € N, Tp,...,T,—1 > T, and

(uo(-), P20), - - -, (un(-), Pzy) € U x P!

with

d (PR(T5, ui(+), Pxi), (uit1 (), Pzit1)) < €
fori =0,...,n—1. Here d(-,-) denotes a metric on U x P41, see [?] (Colonius et al. 1996),
Lemma 2.1.

We denote the chain recurrent set of P® by R, i.e. R is the set of points (u(:),z) in
U x P! such that for every € > 0,T > 0 there exists an (g, T)-chain ¢ with (ug(-),Pzg) =
(un(-),Px,) = (u(-),Pz). The set R has R connected components M,..., Mg, (1 <R <
d), the Morse sets of P®. Their projections E; := mpM; C P41 are the chain control sets
of (4.2), see [?] (Colonius et al., 1993), Theorem 4.9.

Define the finite time exponential growth rate of a chain ¢ (or chain exponent) by

n—1 -1 n—1
A(¢) = (Z :n) : (Zloglw(ﬂ,wi,uz'(-))\ —logll‘i|>

with z; € P~!(Pz;), i € {0,...,n}. The Morse spectrum of ® in M; is given by

Je¥ — 0,T*F — oo and (e¥, T*)-chains ¢*
Zaro(Mj) = {A SR M with A(¢F) — A for k — oo (45)
The Morse spectrum of the bilinear control system (4.1) is defined as
R
o = | EZmo(M;) (4.6)
j=1

where the union is taken over all chain recurrent components of R. In the following theorem
we collect some basic facts about the Morse spectrum on @ .
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Theorem 4.1. (i) For j = 1,..., R, ¥po(M,) is a compact interval. i.e. it has the
form ¥aro(M;) = [£(M;), KM i)l

(i) X1y C Epoand £*(M;), ( ;) are actually Lyapunov exponents for some (uj(-), Pz}),
(uj(-),JP’:vj) S Mj,j =1,. R

(iii) U x R4 = le V; (Whitney sum), where

V= {(u(-),z) €U xR 1z #0= (u(-),P(x)) € M;}

Proof. (i) follows from [?] (Colonius et al. ,1996), Theorem 3.6. Assertion (ii) follows from
[?], Theorem 3.7 and 4.6. For assertion (iii) see [?], Theorem 3.1 and note that the base
space U for ® is chain recurrent by [?] (Colonius et al., 1993), Lemma 4.5 a

In the previous section we have seen, that we can describe the Floquet exponents of the
main system by the Floquet exponents of the restricted lower dimensional systems, which
we get, if our system is decomposable into singular subspaces W1, ..., Wg. Now we want
to show a similar statement for the Morse spectrum of the bilinear control system (4.1).
Here the objects of interest are the Morse sets M, instead of control sets for the Floquet
spectrum.

For analysing the Floquet spectrum, we have projected (periodic) trajectories down to
the projected singular subspaces P(W;). An analogous attempt for the Morse spectrum is
not advisable. Control sets with nonvoid interior can not overlap with projected singular
subspaces P(W;), because of the invariance of the control system on these projected sub-
spaces. Therefore we can project these control sets on every projective invariant subspace.
In contrast to this, chain control sets, which are the projection of the Morse sets on the
projective space, can overlap with the projected singular subspaces P(W;), because here
small jumps out of the invariant projected subspaces are allowed. This makes it difficult to
define the projection of an (e, T)-chain onto the projected subspaces. It may occur, that
some points of the chain do not ly in the domain of definition of the projection P; onto
some P(W;). Thus we cannot project these points of the chain onto this projective singular
subspace. Therefore we do not in general get an (¢,7")-chain on P(W;) by only projecting
down (g, T)-chains in P41,

Instead of projecting chain control sets on projective subspaces, we look at the Morse sets
on the projectivized subbundles that we get, if we restrict the main control flow to the
singular subspaces. We will show, that we can represent Morse sets of the main system
with the help of Morse sets which belong to the restricted systems.

For doing this, we have to introduce some notation. Assume, that the bilinear control
system is decomposable into singular subspaces Wi,..., Wg. If we define the associated
control systems on these subspaces like in (2.3), we get actually bilinear control systems on
these subspaces. On the restricted control systems we define linear flows ®; on the linear
vector bundle 7 : U x W; — U, by restriction of the linear flow ®.

O, RxUxW;, — UXW;
(tu(),zi) — (Ou(u(), pilt, zi, u(-))-
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Note, that these restricted control flows are indeed the control flows induced by the dynamic
of the bilinear control systems on the W;. Similarly we define the projectivized flows on
the projective bundle Pm; : U x P(W;) — U, by

PO, : RxU xP(W;) — U xP(W;)
(t,u(-),Pz;) > (Or(ul-), Pe;(t, Pz, u(-))

For every ¢ € {1,...,K} the chain recurrent sets R; of the flow P®; have R; connected
components, which we denote by M}, ... ,MZRi with R; € {1,...,dimW;}.

By applying Theorem 4.1. to the restricted system, we get the following results:

(i) Forj =1,..., R, ZMO(Mg) is a compact interval, i.e. it has the form EM,,(M{) =
[* (M), K(M3)]-

(ii) X1y C Swmo and £* (M?), k(M?) are actually Lyapunov exponents for some (u.? (-), Pz}7),
(ul(),Pzl)y e Ml j=1,...,R;.

(i) ¥ x W; = @}, V! (Whitney sum), where

V= {(u(-),2) €U x W;:z # 0= (u(-),P(z)) € M?}

7

The next lemma characterizes the Morse sets M, ..., Mp of the main system (4.2) through
the Morse sets of the restricted flows P®;. In the following P(M) denotes the family of all
subsets of a set M.

Lemma 4.2. Assume, that the state space of the bilinear control system (4.1) is decom-
posable into singular subspaces W1, ..., Wk.

i) For every ¢+ = 1,...,K and every j = 1,..., R; there exists an index r := r(%,j) €
y ? 7

{1,...,1} with M? C M,..
(ii) For every M, there exists an unique index set
IM,) c P{1,...,K} x {1,...,?%31-})

with (4,7) € Z(M,) = j € {1,..., R;}, such that the chain recurrent component M,
can be written as

M, = {(u() Pz) € U x P41 for all (¢,j) € Z(M,) it holds: }

Pz € Dom(P;) = (u(-),P;(Px)) € Mf

and its associated vector subbundle as

v,= @ V.

(i,9)€T(Mr)
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Proof. The sets Mf C U x P(W;) are chain transitive components of P®;. Therefore, they
are chain transitive subsets of the projective flow P®, and because the Morse sets M, are
isolated the assertion (i) holds.

To show the second assertion, we use the fact, that we can decompose the linear vector
bundle 7 : U x R* — U in two different ways, namely the decomposition which we get from
the Morse sets My,..., Mg and the decomposition of the Morse sets on the restricted

control flows:
K

R
UxR =PV, =PV @...oV")
j=1

=1

Because every Morse set Mf is part of a certain Morse set M, it follows that the subbundle
V! CU x W; is a subbundle of V.

Now in (i), we have seen, that every Mf lies in exactly one Morse set M,; j). Therefore,
we get the decomposition
vi= @ Vv
(4,)ET(M;)
where Z(M,) is an index set with (4,7) € Z(M,) C {1,...,K} x {1,...,R;}. Then for
every r = 1,..., R following equalities hold (where we abbreviate Z, := Z(M,))

Vi = ®gger, VI |
= Qe {(u(), ) €U X Wiz #0 = (u(-),P(zi) € M]}
= . i . T= Z(i, Nez, Ti with z; € Wi_ and
= {(u( ),z) EU X R (s £ 0 ; (u(-), P(z;)) € M)

Therefore
My = {(u(),Pz) €U x P4 : z € P (Pa) = (u(),z) € Wy}
= Jumcwxr S O SR
= ) Be) €U BT ;O; Zlgéxi)(];)i:t(;(o;d; (Pz)) € M }
and the assertion (ii) is proved. 0

Instead of analyzing the Morse spectrum directly, we look at the topological spectrum of
the bilinear control system. For A € R, we define new linear flows on the vector bundle
7:UXR U by

At u(-),z) := (B(u(), exp(=A)p(t, z, u("))).
The topological spectrum of @ is defined as
S7op(®) := {\ € R: (0,0) € U x R? is not an isolated invariant set of ®;}} (4.7)

Thus A € Sy iff there exists (u(-), z) € U xR\ (0,0), such that the map ¢ — ®*(¢,u(-), z)
is bounded on R.
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Similarly, we define for A € R linear flows @f‘ on the vector bundles 7; : U X W; — U by
restricting the flow ®*:

O (t, u(-), ) = (Bs(u()), exp(=At)pi(t, z, u(-)))
and we define the topological spectrum of ®; as
S7op(®;) := {A € R: (0,0) €U x W; is not an isolated invariant set of ®}} (4.8)

With the help of the topological spectrum, we are now able to prove, that the Morse
spectrum of the bilinear control system (4.1) is uniquely determined by the Morse spectra
of the restricted control systems on the singular subspaces.

Theorem 4.3. Assume that the state space of the bilinear control system (4.1) is decom-
posable into singular subspaces Wy,...,Wg. Then for every Morse set M,., the Morse
spectrum of M, is .
Enmo(Mr) = U ZMO(Mg) (4.9)
(3,5)€T(M,)

Therefore, the Morse spectrum of the bilinear control system is

K R; )
2Mo = U U ZMo(-/\/lg)

i=1j5=1

where the union is taken over all Morse sets Mf of the induced flows P®; on the projective
singular subbundles Pr : U x P(W;) — U.

Proof. From the the second part of Lemma 4.2., we have Mf C M, for all (3,5) € Z(M,).
Therefore we get Laro(M)) C Epro(M,) for all (i,5) € Z(M,).

Now let A € Yp0(M,) We use the fact, that the topological and the Morse spectrum
coincide, see [?] (Colonius et al.,1996), Theorem 5.1. This implies

Emo(Mr) = ZTO;D((I)KPW)*IMT) = Z1op(®[Vr)-

Therefore A € X74,(®|V,) which means, that there exists an element (u(-),z) € V, \ (0,0),
such that the map ¢ — ®)}(u(-),z) is bounded on R. Because V, = D j)ezm) sz and
since x # 0, it follows that there exists an (i,7) € Z(M) with z; := priy(x) # 0. Here
pr; denotes the projection of R? on W;. Clearly, the map t — ®}(u(-),z;) is bounded on
R, too. Since (u(-),z;) € V/, it follows, that X € Syp(®4|V!) = Zpre(MY), Thus every

A € Laro(M,) is also an element of an appropriate X y7,(MY). a

Remark 4.4. (i) The preceding theorem shows, that the Morse spectrum of the bilinear
control system (4.1) is determined by the Morse spectrum of the restricted control
system on the singular subspaces. If A € ¥y, then according to Theorem 4.1.
A € Xpo(My). Now Theorem 4.3. shows us, that A must be in the Morse spectrum
of some Morse set M} C U x P(W;). This implies, that there is (u(-),z;) € U x W;
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with A(u(-),z;) = A. This shows, that all Lyapunov exponents are attained in the
subbundles Y x W;,72 =1,..., K, and we get

K R;

Sy € U U Saro(MI) (4.10)

i=1j=1
Therefore we can restrict ourselves to these subbundles.

(ii) If the accessibility rank conditions holds on the projected singular subspaces, we can
collect the results of Corollary 3.10. and Theorem 4.3. in the following way:

. K R .
2Fl(DZJ) - ZJLy c ZJMu = U U 2Mo(-/\/tg) (411)
i—1j—1 i—1j=1

where the first union is taken over all main control sets Dzj on the projected singular

subspaces P(W;), and the second union over all Morse sets M] on the projected
subbundles U x P(W;).

5. The Lyapunov spectrum

In this section we give conditions under which the inequalitites in (4.11) become equalities.
Under equality, we can determine the Lyapunov spectrum by considering only the restricted
control systems. If the dimension of the singular subspaces is low enough, we can take
numerical programs to compute the Lyapunov spectrum of the whole system by computing
the Lyapunov spectra of the restricted systems.

In the paper of Colonius and Kliemann (1996) [?], several conditions are specified under
which the Morse, the Lyapunov and the closure of the Floquet spectrum coincide, i.e.

under which the equality
L

U d=m(Di) = Sy = Sno (5.1)

i=1
holds. In Corollary 4.8 in [?], it was shown, that this equality holds if the control system
fulfills the accessibility rank condition (ARC) and has only one control set with nonvoid
interior on the projective space P4~!. Furthermore it was shown in Corollay 4.10 in [?],
that if the state space of the control system is two-dimensional and the (ARC) is fulfilled,
then equality (5.1) holds, too. A third criterion is given by varying the control range U.
For explaining this criterion, we have to introduce some notations.

For the compact and convex control range U C R™ with 0 € intU denote
UP:=pU={p-u:uecU}forp>0. (5.2)

For p = oo we define U™ := {5 U” = L (R,R™). All quantitites defined in Sections 2
-4 will be written with a superscript p to indicate their dependence on the control range
UP for 0 < p < o0. Like in Section 3, we define the nondegeneracy condition (ARC”) by

dimLA{h(-,u) : u € UP}(z) = d — 1 for allz € P71, allp > 0. (ARC?)
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Since 0 € intU, we have that if (ARC”) holds for some p > 0, then it holds for all p > 0.
Furthermore, we introduce the p — p’ inner pair condition (IPC).

For all 0 < p < p' and all (u(-),z) € UP x P4~ there exists T > 0 (IPC)
and S > 0 such that Po(T, z,u(-)) € int(’)’;;+s(m)

If the projected control system (4.2) fulfills the condition (ARC?) and (IPC) then Corollary
5.6 in [?] says, that for all p > 0 (except at most countably many points) the following

equation holds
L

U dSm(Df) =57, = 54,

i=1
Here D! denotes the main control sets of the bilinear control system (4.17) with control
range UP. The equality holds at those p for which the spectra depends continuously on p,
cp. Corollary 5.6 in [?].

This results supposes that the accessibility rank condition holds for the projected control
system. But if the state space of the bilinear control system is decomposable into singular
subspaces W1, ..., Wk, the accessibility rank condition is not fulfilled, as we have shown in
Corollary 3.3. Therefore instead of demanding that the whole system possesses the (ARC),
we impose, that each of the control systems on the projected singular subspaces P(W;)
fulfills the (ARC). By doing this, we can adopt the results on the singular subspaces.

Theorem 5.1. Assume, that the state space of the bilinear control system (4.1) is decom-
posable into a direct sum of singular subspaces W1,...,Wyg. Assume, that each of the
systems on the singular subspaces W; fulfill at least one of the following properties

(i) the state space W; is one-dimensional

(ii) the state space W; is two-dimensional and the accessibility rank condition (ARC)
holds on the projected control system on P(W;).

(iii) the accessibility rank condition (ARC) holds on the projected control system on
P(W;) and only one main control set D; C P(W;) exists.

(iv) the accessibility rank condition (ARC*) and the p — p’ -inner pair condition (IPC)
holds on the projected control system on P(W;) and p = 1 is a continuity point.

Then following equalities hold

K L; ) K R; ]
U UdSm(D)) =S5y =Sume = J | Smo(M?) (5.3)
i=i j=i i=1j=1

where the first union is taken over all main control sets Dzj on the projected singular

subspaces P(W;), and the second union over all Morse sets MZ on the projected subbundles
U x ]P’(WZ)
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Proof. We show, that for every 1 = 1,..., K the following equations holds.

L; ) R; _
U = m(Dy) = Sy (Ws) = [ So(M]) (5.4)

Here X, (W;) denotes the Lyapunov spectrum of the restricted control system on W;.
Because of (4.10), this will show the assumption.

If the singular subspace W; is one-dimensional, the accessibility rank condition is satisfied,
because dimP(W;) = 0. The restricted control system on P(W;) has exactly one main
control set, namely P(W;) itself. Thus Corollary 4.8 in [?] shows, that the equation (5.4)
holds. If the singular subspace W; is two-dimensional and the (ARC) is fulfilled, equation
5.4 follows from Corollary 4.10 in [?]. If there exists only one main control set, then again
Corollary 4.8 in [?] proves equality. Finally, if we are in case (iv), the equation follows from
Corollary 5.6 in [?]. a

In the next section we give an example, where every singular subspace is two-dimensional
and we are in the situation (ii) of Theorem 5.1.

6. An Example

For the computation of the Lyapunov spectrum of bilinear control systems, one depends
on numerical algorithms. E.g. in [?] (Griine, 1996) the extremal Lyapunov exponents
for bilinear control systems with constrained control values are computed numerically by
solving discounted optimal control problems. All these algorithms have in common, that
the memory requirements and the computation time grow very fast as the dimension of the
state space of the systems increase. This is the well known curse of dimension problem in
numerical mathematics. As mentioned earlier, the aim behind looking at bilinear control
systen with singular subspaces is to reduce the dimension of the original problem. Instead
of computing the Lyapunov spectrum of one high-dimensional control system, one com-
putes the Lyapunov spectrum of several lower-dimensional systems, which can be done with
smaller costs of memory and time. In this section we look at four coupled two-dimensional
oscillators, which results in an eight-dimensional bilinear control system. But the coupling
we investigate here inherits some symmetry properties, which make a decoupling of the
eight-dimensional system into four different two-dimensional bilinear control systems pos-
sible. This allows us to determine the Lyapunov spectrum analytically, using the results of
the previous section. The example is based on the paper of Aston and Dellnitz (1994) [?]
Chapter 4, where the symmetry properties of general linear coupling arrangements were
investigated.

We look at the bilinear control system

#(t) = Aoz (t) + ui (t) Ar1z(t) + ua(t) Asz(t), tER, z(0) = 2o € RY,

u(+) € Uppe := {u(-) : R = U : u(-) locally integrable}, (6.1)

1] and A; € Mat(2,R) with

]X[_%a
1 0 1 00
A(): ,A1:< )andA2:< >
(% ) 10 01

where U = [—1, %

NGO [
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Now we couple four of these oscillators in the following way together:

5 = Aoz (t) + w1 (£) Arzi(t) + ua(t) Aai(t) + D Ciji(a, b)z; (1) (6.2)

with i =1,...,4 where C; j(a,b) denotes the components of the coupling matrix C(a,b) €
Mat(8,R) which depends on the real parameters a and b. We investigate the special case,
where the coupling matrix has the form

—(a+0b)I al 0 bl
B al —(a+b)I bl 0
Cla,b) = 0 bI —(a+bI  al (6:3)
bl 0 al  —(a+b)I

and I € Mat(2,R) is the unit matrix. Here the two parameters a and b describe the
strength of the coupling between the four oscillators. This system possesses a certain
symmetry structure, which enables us to decouple the system into four bilinear control
systems. For a discussion of the symmetry properties for more general C(a,b) and the
techniques used for the decomposition compare [?] (Griinvogel, 1996). In our situation we
get by an orthogonal change of coordinates the four decoupled control systems

T; = 1‘16.’132 (t) + u1 (t)Alxi(t) + Ug(t)AgJZ(t) (64)
withs=1...4 and
A = Ay, Ay = Ay — 2al, A2 = Ay — 2bI and A3 = Ay — 2(a + b)I

This means, that the first control system (i = 1) coincides with the original control system
(6.1), and the others are just pertubations of this control system.

In order to apply the result of Theorem 5.1. (ii), we have to check that the projected contol
systems on P! fulfills the pre-conditions. It is easy to see, that on each projected control
system the accessibility rank condition holds. Next we show, that for every ¢ = 1,...,4
the associated control system on the projective singular subspace P! has two main control
sets and one chain control set. This enables us to compute the Floquet spectra of the main
contol sets by calculating the eigenvalues of the constant matrixes of (6.4). In order to
determine the main control sets we parametrize the projective space P! (or in fact S!) via
the angle as P! = {#: 0 € (-, %)}.

For all four control systems, the projected control system has the form
b 1 .2 ]_ 2 ]. .
0= _(Z + uq1)sin® 0 + (Z + uq1) cos“ 0 + (5 + u2) sinf cos 6

That means, that on the three restricted control systems i = 2...4 on P!, we have the same
global behaviour as on the unperturbed control system for ¢+ = 1. In [?] the unpertubed

control system was investigated. The result is, that for every i = 1,...,4 we get two main
control sets, the variant control set D} = (—=%,0), and the invariant control set D? = (Ot

The unique chain control sets are in each case P!. Therefore, we can compute the Floquet
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spectrum of the restricted control systems, from the eigenvalues of the constant matrices
of (6.4). The Floquet spectrum for the eight main control sets are

r(D) = (3.1). Sm(D3) = (1,3 + 1v2)

Er(DY) = (3~ 20,1~ 2a), S(D3) = (1 26,3 + v/ - %)

Er(D5) = (5~ 26,1~ 25). Sri(D3) = (126, 3 + $v/2 — 2b)

Sp(D}) = (3 - 2(@+b),1-2a+b)), Sp(D}):=(1-2a+b),3+5v2-2(a+b))

Hence by (5.4) we get the following Lyapunov spectra on the singular subspaces:
Sty =53+ 52 53, =[5 20,3 + V2 - 2]
S, =323 +5v2-2] Bi, =[1-20a+b),}+iv2-2(a+b)

Here Eiy denotes the Lyapunov spectrum of the bilinear control system on the singular
subspaces W;, depending on the real parameters a and b. Now the Lyapunov spectrum can
be computed with help of Theorem 5.1. as

Sy = B1, US7,(a) USE, (b) UST,(a,b) (6.5)
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