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Introduction

To understand the behavior of a control system, one has to analyze the controllability
properties of the system. In this case the notion of control sets plays a major part.
Control sets are maximal subsets of the state space of control systems, where com-
plete controllability holds. They first appeared in the context of stochastic differential
equations (cf. Arnold and Kliemann [2] (1987)). Control sets turned out to be an appro-
priate tool for analyzing control systems and for analyzing the qualitative behavior of
nonlinear differential equations under bounded time-variant perturbations (cf. the book
of Colonius and Kliemann [9]).

For control systems, the control sets and their domain of attraction can also be used
to characterize the region, where the system is stabilizable (namely in the closure of the
control sets). Nonlinear differential equations with bounded time-variant perturbations
can be interpreted as control systems with bounded control range, and then the long-
time behavior of the perturbed equations can be characterized by orbits, invariant sets
and the domain of attraction of control sets, i.e. by control theoretic concepts.

In this thesis we consider nonlinear control affine systems with a singular point: A
singular point is a point in the state space, where the right hand side of the control
system vanishes for every applied control function. This means, that all trajectories
which start in this singular point, stay for all time in this point.

We want to analyze under which conditions there are control sets near the singular
point and under which conditions not. By linearization of the nonlinear system we
get a bilinear control system. Knowledge about the behavior of the linearized system
can be used to make local statements for the nonlinear system. This means you have to
understand the bilinear system first. If we apply a control function on the bilinear control
system, we get a linear nonautonomous differential equation. For analyzing the stability
behavior of nonautonomous linear differential equation Lyapunov has introduced the
so called order numbers, or (how we call them today in honor of their inventor) the
Lyapunov exponents (cf.Lyapunov [23]). For autonomous linear systems, the eigenvalues
of the right hand side determine the stability behavior of the system. For nonautonomous
linear systems, the Lyapunov exponents are the appropriate generalization. Under some
regularity conditions on the right hand side, the stability behavior of the nonlinear
system is given by the Lyapunov exponents of its linearization.

All possible Lyapunov exponents which we get if we apply all admissible control



4 Introduction

functions on the bilinear control system form the Lyapunov spectrum The aim of the
book is to use the Lyapunov spectrum for the characterization of the controllability
properties of the nonlinear control system near a singular point. This means, we use the
knowledge about the linearized system for a local analysis of the nonlinear system.

For showing the existence of control sets near a singular point it will turn out that
it will suffice to know the existence of periodic control functions for which the linearized
system has special Lyapunov exponents. Furthermore we will use the existence of (lo-
cal) stable and unstable fibre bundles for the nonlinear (nonautonomous) differential
equations.

The results of this book can also be interpreted as a kind of bifurcation theory of
control sets near a singular point. By varying a parameter of the nonlinear control system
(for example by changing the control range), the corresponding Lyapunov spectrum may
vary, too. Because the existence of control sets near the singular point itself depends
on the Lyapunov spectrum, it can happen that for certain parameters there are control
sets near the singular point, but not for others (cf. Chapter 5.1).

This book should be read in a nonlinear way. The reader should start with the
first chapter, then go directly to the appendix and then continue reading the book with
Chapter 2. In the appendix he will be supplied with all technical devices of the theory of
stable and unstable fibre bundles for nonlinear differential equations we will use in this
book. I decided to put this chapter to the end of the book for two reasons. First, the
theory of stable and unstable fibre bundles for nonautonomous differential equations is
a theory for its own and therefore it should be separated from the control theoretic part
of the book. Secondly the appendix should be used as a toolbox, where the necessary
facts of this relatively new theory are packed together.

The first chapter is based on the book of Colonius and Kliemann [9]. We state
the basic results on control sets and chain control sets for nonlinear control systems
on Riemannian manifolds. Here the notion of the control flow plays an important role,
because this enables us to use the theory of dynamical system for control systems.
Then for a bilinear system, which we get if we linearize a nonlinear control system at a
singular point, its projection on the real projective space is introduced. The control sets
with nonvoid interior (the main control sets) are characterized by the eigenspaces of the
bilinear system, if we apply piecewise constant and periodic control functions. These
control functions are in relation with the system group. Several spectral concepts are
introduced - the Lyapunov, the Floquet and the Morse spectrum.

The second chapter now considers nonlinear control systems with a singular point
where the Lyapunov spectrum does not contain 0. We show, that if the Lyapunov
spectrum has only positive values or only negative values, then there are no control
sets near the singular point. We do not get this strong result, if we assume that the
Lyapunov spectrum has positive and negative values. But we can show that there is a
neighborhood around the singular point with the following property: Given two points



Introduction 5

of a control set which lie in this neighborhood, then one can steer one point to the other
only by leaving this neighborhood at some time.

The third chapter supposes, that the linearized system has two periodic control
functions. For the first control function the linearized system has only negative Lyapunov
exponents and for the second control function, the Lyapunov spectrum has positive and
negative values. We get the existence of such control functions for example if we assume,
that the Lyapunov spectrum has 0 in its interior. This means we get a control set with
nonvoid interior such that the singular point lies in the closure of the control set. We
characterize the control set by unstable fibre bundles which we get if we apply the control
function with the positive and negative Lyapunov exponents.

The fourth chapter deals with a special case of the third chapter. Here we assume,
that there is a periodic control function such that the linearized system has only one
positive Lyapunov exponent, and the others are all negative. In this case we can show
uniqueness of the resulting control set. If we have two such control functions, then we
get more than one control set and we investigate which of these control sets coincide.
Finally we come back to the Lyapunov spectrum and show under additional conditions
on the spectrum, that the control sets of the nonlinear system at the singular point are
locally characterized by the control sets of the linearized system.

In the fifth chapter we will illustrate the theoretical results of the pervious chapters
by numerical examples. Here the perturbed Duffing-van der Pol equation serves as a
two-dimensional example for the results of Chapter 2 and 4. The perturbed Lorenz
equation is a three-dimensional example for the results of Chapter 4.

Finally in the Appendiz we cite the results about the invariant fibre bundles for
(nonautonomous) differential equations. This is mainly based on the book of S.Siegmund
[29]. After the linear theory, the global theory of invariant fibre bundles, asymptotic
phases and the Hartman-Grobman Theorem are introduced. This global theory works
for systems which fulfill special conditions (for example on their Lipschitz constants).
We will generalize this for periodic systems with a fixed point, by reducing the given
system in such a way, that we can apply the global theory. For the given system we will
get local results near the singular point.

My work on this book was funded by the Deutsche Forschungsgemeinschat in the
research program 'Ergodentheorie, Analysis und effiziente Simulation Dynamischer Sys-
teme’.

I would like to express my gratitude to Fritz Colonius, from whom I learned about
control theory and control sets. During numerous discussions and by his motivation and
advices he supported me and guided me to the 'right way’ during the work on this book.

I would like to thank Dietmar Szolnoki for his help on the numerics of the Lorenz
equation, his comments on this book and the time with him in Augsburg.
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Then I would like to thank my girlfriend Ulrike for bringing me back to the real life
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Chapter 1

Linear and Nonlinear Control
Systems

In this first chapter, we will introduce the notions of geometric control theory and
bilinear control systems, which will accompany us throughout the following chapters.

In the first part, we consider control affine systems on Riemannian manifolds. For
these quite general systems, the notion of control sets and chain control sets are defined.
Control sets are the main objects of this book. These objects are in relation with the
long time behavior of trajectories of the given control system. To analyze the long time
behavior, we enlarge the nonlinear control system, to get a dynamical system, which
is called the control flow. Now with the w-limit sets of this dynamical system we can
characterize the control sets. Of great importance for the Chapters 3 and 4 will be
Proposition 1.1.21. It supplies us with an existence theorem for control sets, which can
be used, if the control affine system has a singular point.

The second part then concentrates on bilinear control systems on R¢. If we have a
nonlinear control affine system with singular point and linearize this system at its singu-
lar point, then we get a bilinear control system. For analyzing the stability behavior of
the nonlinear system near the singular point, one has to understand its linearization, the
bilinear control system. For doing this, we look at the projection of the bilinear system
on the real projective space. The control sets with nonvoid interior of the projected
system then can be described by the eigenspaces of the bilinear control system, if we
apply constant control functions.

Then we introduce several spectral concepts, the Floquet, the Morse and the Lya-
punov spectrum for the bilinear system. The Floquet spectrum is a subset of the Lya-
punov spectrum, and this again is a subset of the Morse Spectrum. We will give condi-
tions, under which the closure of the Floquet and the Lyapunov and the Morse Spectrum
coincide.

Most parts of this chapter are taken from the book of Colonius and Kliemann [9].
The Appendix A of [9], serves as quite a detailed introduction into geometric control
theory. Other references on geometric control theory are the books of V.Jurdjevic [21],
H.Neijmeijer and A.J. van der Schaft [24] and A.Isidori [20]. The facts about control

7



8 1. Linear and Nonlinear Control Systems

sets, the control flow, w-limit sets and the spectral theory can be found in the book of
Colonius and Kliemann [9]. The items about bilinear control systems and its projection
on projective space can also be found in the article [8].

1.1 Nonlinear Control Affine Systems

1.1.1 Control Sets and Chain Control Sets

We will introduce now the control sets for control affine systems on Riemannian man-
ifolds. Later we will only consider control systems on R¢, but because control sets are
so important in this book, we introduce them here in a quite general environment.

In the following denote by M a connected Riemannian C'*°-manifold of dimension
d < 0o. We denote its tangent bundle by TM and the tangent space of M at a point
x €M by T, M.

We consider the following class of control affine systems on M

z = fo (I)+Z:il Uj (t) fz(l') (1 1)
ueU={u:R— R™ u(t) €U for a.a. t € R, locally integrable}. '

We assume that fo,..., fm, are C* vector fields on M and that U is a compact and
convex subset of R™. Furthermore, suppose that for all (u,xz) € U x M the equation
(1.1) has a unique solution (¢, 7, z,u) for all t,7 € R, with ¢(1,7,z,u) = z.

The set of points, which are reachable from a given point z € M and are controllable
to x are defined by

Definition 1.1.1 For z € R? the set of points reachable from x up to time T > 0 is
O;T(x) ={y € M : there are 0 <t <T and u € U with y = ¢(t,0,z,u)}.
The set of points controllable to x within the time T > 0 is
O r(z) :={y € M : there are 0 <t < T and u € U with z = ¢(t,0,y,u)} .

Furthermore let OV (z) := Upag Ot (z) and O~ (z) := Upsg O<p(z) denote the reach-
able set from x and the controllable set to z, respectively. We also call O (z) the forward
or positive orbit and O~ (z) the backward or negative orbit of z.

Very often we will impose the following regularity condition on the control system
(1.1):

Definition 1.1.2 The control system (1.1) is called locally accessible from x € M if
for every T > 0 the sets OL,(x) and O_(z) have nonvoid interior.
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A thorough investigation of local accessibility is given in Appendix A of [9]. Local
accessibility is guaranteed by the following accessibility rank condition: Let

LA = ,C.A{f()-f-zu,fz U € U} (1.2)

=1

denote the Lie algebra generated by the vector fields f; and for z € M let A, 4(x) be
the subspace of the tangent space T, M generated by the vector fields in LA.

Definition 1.1.3 The accessibility rank condition requires
dimAgy(z) =dimM = d for all z € M.

If the system (1.1) fulfills the accessibility rank condition, then it is locally accessible
from every point x € M. Hence local accessibility can be checked by computing Lie
brackets. We will do this in Chapter 5 for the examples of the perturbed Duffing-van
der Pol oscillator and the perturbed Lorenz equation.

Remark 1.1.4 If M is a C*®-manifold and f; are C*®-vector fields and the accessi-
bility rank condition is fulfilled, then by the Theorem of Frobenius the system is Lie-
determined. If M is an analytic manifold and the vector fields are analytic, then system
(1.1) is also Lie-determined, by the Theorem of Nagano (cf. Appendiz A in [9]). Thus
the system restricted to a mazimal integral manifold satisfies the accessibility rank cond-
tion and is locally accessible (cf Remark A.4.8 in [9]).

After introducing the positive orbit, we now come to control sets, the objects that
play the crucial role in this thesis.

Definition 1.1.5 A set D C M s called control set of the system (1.1) if

(i) for all z € D one has D C 1O (z),

(i) for all z € D there is a control function u € U such that ¢(t,0,z,u) € D for all
>0,

(iii) D is mazimal with the properties (i) and (ii), that is, if D' D D satisfies the
conditions (i) and (i1), then D' = D.

Property (i) means, that we have approximative controllability in D. For every
z,y € D and every neighborhood N of y there exists a control function v € U and
a time ¢t > 0 such that ¢(¢,0,z,u) € N. This property does not change if instead of
locally integrable controls piecewise constant or piecewise continuous ones are used (cf.
Appendix A in [9]). If the control set has nonvoid interior, then under local accessibility,
we even have complete controllability in the interior of the control set.

Property (i) means, that if we start in a point z € D, we can stay for all positive
times in D. Thus every control set is viable in the sense of J.P.Aubin [3]. This property is
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introduced to exclude trivial cases, since every one-point set in M satisfies the property

Finally the maximum property (i7i) is imposed for simplicity. Every set Dy which
satisfies the properties (i) and (i7) is contained in a maximal set of this type, i.e. a
control set. In particular, control sets are pairwise disjoint.

For general systems, there exist control sets with void interior. But they are not
important in this book, because all control sets, which are of interest for us, will have
nonvoid interior.

An important class of control sets are the invariant control sets.

Definition 1.1.6 A control set C C R is called invariant control set if c1C = c1O%(x)
for all x € C'. All other control sets are called variant.

To get a global picture of the control affine system (1.1) and its control sets we also
study the set of points which can be steered approximately to a control set D. This will
be used in Section 4.2 and Theorem 4.2.5.

Definition 1.1.7 The domain of attraction of a control set D is defined as
A(D):={z € M:clO*(z)ND # 0}.
The reachability order =< on the control sets of the system (1.1) is given by
D <D if DN A(D") #0.
If DX D' and D # D' we also write D < D'".

In general, limit sets of controlled trajectories (for ¢ — +00) need not to be contained
in control sets. See for example Proposition 1.1.21 below, where we have to impose some
special conditions on the control system (1.1) to actually get the existence of a control
set. However under some milder conditions, the limit sets are contained in chain control
sets (cf. Section 4 in [9]). They will play also an important part for the linearized
system in Section 1.2. First we have to introduce the notion of (¢, T')-chains, which can
be interpreted as controllability allowing (small) jumps between pieces of trajectories.

Definition 1.1.8 Fiz z,y € M and let ¢,T > 0. A controlled (g,T)-chain { from x
to y is given by n € N zg,... ,zn € M,ug,... ,un—1 € U and tg,... ,tn—1 > T with
Ty =T,T, =Y and

d(e(t;,0,z5,u;),zj41) <€ forall j=0,... ,n— 1.

If for every e,T > 0 there is an (e,T)-chain from x to y, then the point x is chain
controllable to y.

In analogy to control sets, chain control sets are defined as maximal regions of chain
controllability.
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Definition 1.1.9 A set E C M is called chain control set of system (1.1) if

(i) for all z,y € E and all ¢,T > 0 there is a controlled (&,T)-chain from z to y,
(i) for all x € E there is a u € U such that ¢(t,0,z,u) € E for allt € R,
(iii) E is mazimal with respect to set inclusion with the properties (i) and (i7).

Note that chain control sets are always closed and that for every control set D with
nonvoid interior, there is a chain control set E with D C E (see [9], Corollary 4.3.12).

1.1.2 Control Flow and Limit Sets

We want to study the control system (1.1) as a family of ordinary differential equations
indexed by the functions u € Y. Our main interest lies in the long time behavior
of the trajectories ¢(¢,0,z,u). For studying this behavior, we will use concepts and
techniques from the theory of dynamical system. But for a given u € U the mapping
z + (t,0,z,u) does not define a flow on M and it does not help us to handle the
dependency on u. Thus we have to introduce the concept of the control flow, which will
define a continuous dynamical system.

For this purpose we first have to introduce a dynamical system on U, the shift § on

Uu.

Definition 1.1.10 The shift 0 : RxU — U is defined by
Oi(u) == 0(t,u) :=u(t + ).

We call the pair (U, 0) the shift space.

Lemma 1.1.11 The setU is compact and metrizable in the weak* topology of Lo (R, R™)
(L1(R,R™))*, a metric is given by

= oo 1 _|Jelu@®)—v(t)an ()]
d(u; 'U) - Zn:l on 1+ﬁ‘R(u(t)—v(t),xn(t))dt‘ ’

where (Tp)nen 18 a countable, dense subset of Li(R,R™) and (-,-) denotes an inner
product in R™. With this metric, U is a compact, complete, separable metric space.

Proof. Lemma 4.2.1 in [9]. m

The weak* topology is the weakest topology such that for all z € L;(R, R™) the
linear functional u — [g(u(t),z(t))dt on Lo (R, R™) is continuous.

Lemma 1.1.12 The shift 0 defines a continuous dynamical system on M and is topo-
logically mizing, topologically transitive, and chain transitive.

Proof. Lemma 4.2.4 and Lemma 4.2.7 in [9]. =

By combining the shift with the solution mapping we obtain the control flow.
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Definition 1.1.13 The control flow of the system (1.1) is defined by

d: RxUXM — UxM
(t,u,a:) — (et(u)’(p(ta O,J,',U))-

Lemma 1.1.14 The map ® defines a continuous dynamical system on U x M.
Proof. Cf. Lemma 4.3.2in [9]. =
The M-component satisfies the cocycle property
o(t+7,0,z,u) = p(t,0,0(7,0,z,u), 0, (u)).

Hence @ is a skew-product flow. Because (U x M, ®) is a continuous dynamical system,
we can define the w-limit set of a pair (u,z) € U x M.

Definition 1.1.15 For the dynamical system (U x M, ®) and a pair (u,z) € U x M the
w-limit set is defined by

w(u, z) = {(U,y) CUXM: there is a sequence (tg)ren € R with ty — oo }

for k — oo and limy_, o @4, (u,z) = (v,y)

Corollary 1.1.16 Let (u,xz) € U X M such that the set {p(t,0,z,u) : t > 0} is bounded.
Then the w-limit set w(u, ) is nonempty, invariant and compact.

Proof. Because the sequence (®y(u,x))en is bounded in U x M it has a convergent
subsequence. Thus the limit of this subsequence is an element of w(u, z), which is there-
fore nonempty. Now note that {®;(u,z) : t > 7} is bounded for all 7 > 0 and therefore
c{®¢(u, ) : t > 7} is compact. Because we have w(u, ) = [, ¢[p,00) H{ Pe(u, z) : T > 7},
it follows that w(u,z) is compact.

Finally for showing invariance, we have to show that for every (v,y) € w(u,x) we
have {®,(v,y) : 7 € R} C w(u,z). Let (v,y) € w(u,z) and (tx)ken C [0,00) be a
sequence which goes to infinity with limg_,o ®4, (u,z) = (v,y). Then the sequence
sp =1+ 7T € [1,00),k € N also goes to infinity and because of continuity of the flow
®, we have

lim @, (u,z) = &, 0 lim @y, (u,z) = ®,(v,y).
k—o0 k—o0
This means, that ®,(v,y) is an element of w(u,z). =

In order to describe the connection between w-limit sets and control sets, we have
to introduce the following terms.

Definition 1.1.17 A pair (u,xz) € U X M is called inner pair , if there exists a T > 0
such that o(T,0,z,u) € int Ot (z). The pair (u,z) is called strong inner pair if for all
t € R we have ¢(t,0,z,u) € int OF(z).
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In general, it is quite difficult to check if a given (u,z) € Y x M is an inner pair or
a strong inner pair. For constant controls, however, one can give a criterion in terms of
Lie brackets. If we denote by [X,Y] the Lie bracket of two vector fields X and Y, we
define

adk Y =Y
adk Y = [X,Y],
ad% Y = adx (adi7'Y) for k =2,3,... .
Proposition 1.1.18 Let u € int U be a constant control and fiz a point x € M. Write
[ = fo+ > uifi and assume that there is T > 0 such that at y = (T,0,z,u) the
controllability rank condition
span{(f(y),ad'}fi)(y) ti=1,...,mk=0,1,...} =T,M (1.3)

holds. Then for every (v,z) € U x M with vy p in a neighborhood of u € L ([0,T],R™)
and a z in a neighborhood of x € M, it follows, that ¢(T,z,v) € int Of(z) and in
particular, (v,z) is an inner pair.

Proof. Proposition 4.5.19 in [9]. m

Corollary 1.1.19 If under the condition of Proposition 1.1.18 for every T > 0 the
controllability rank condition (1.3) is fulfilled in x, then (u,x) is a strong inner pair.

Proof. By Proposition 1.1.18 it follows, that (T, z,u) € int Of.(z) for all T > 0. =

The following corollary shows, how the w-limit sets of trajectories are in relation with
control sets having nonvoid interior. The projection my; of U x M onto M is defined by

mu(u, ) = x.

Corollary 1.1.20 Consider a pair (u,z) € U x M such that {p(t,0,z,u) : t > 0} is
bounded and suppose that the accessibility rank condition holds on wyw(u,x). Then the
following assertions are equivalent:

(a) There is a control set D with mpw(u,z) C int D.
(b) The set w(u,x) consists of inner pairs.

Proof. See Corollary 4.5.9 in [9]. m

In the sections which follow, we will look at control systems with a singular point, i.e.
control systems, which have the property, that there is a z* € M such that f;(z*) = 0.
This means, that ¢(¢,0,z,u) = z for all t € R and all x € M. Therefore the system is
not locally accessible at the singular point. Thus if we have a pair (u,z) € U x M such
that z* € mpw(u,z) we can not apply Corollary 1.1.20. The following proposition will
show, that under additional assumptions on the w-limit set, we nevertheless can have
an existence criterion for control sets, which have nonvoid intersection with the w-limit
set.
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Proposition 1.1.21 Consider the nonlinear control system (1.1). Assume that the
control system is Lie-determined and has a mazimal integral manifold J with mazimal
dimension. Let x € J and u € U, such that {¢(t,0,z,u) : t > 0} is bounded . Suppose
further that there is a compactum K C U x J such that the following properties are
satisfied.

(1) Knw(u,z) # 0.

(2) For all (v,y) € K there is a t > 0 such that ¢(t,0,y,v) € int OF (y) (inner pair
condition,).

(8) There is a s* > 0 such that for all (v,y) € ®_+K and all t > 0 we have ¢(t,y,v) €
int O*(y) (strong inner pair condition,).

Then there exists a control set D C clJ with
(K Nw(u,z)) C int D. (1.4)

Proof. Since the system is Lie-determined, its restriction on J is locally accessible
(cf. Remark A.4.8 in [9]). Now let (v,y),(w,2) € K Nw(u,z). (The intersection is
nonempty due to the assumptions). We show, that z € int O (y) for a 7 > 0.

Because of (v,y) € K for Ty > 0 there is by (2) an gy, Sp > 0 with

Bgo(()o(TO,anav)) C int O;T(H—So(y) (15)
Because (v,y) € w(u,z) there is a ty > 0 with
QD(th 0, Z, u) € Bso(‘P(TOa Oa Y, U)) C int O;T(H—So (y) (1'6)

From (3) it follows, that for every T' > 0 there is a neighborhood N;(T) of ® K in
Ux J and g1 :=¢(T),S1 := S(T) > 0 with

B, (p(T,0,p,a)) C int O;T1+Sl (p) for all (a,p) € N;(T) (1.7)

(cf. Remark 4.5.6 in [9]). Now by choosing T} := s* we get a neighborhood N := N;(T})
of ®_p K and ¢ := ¢(11), 51 := S(T1) > 0 with

B, (¢(T1,0,p,a)) C int O;TH—Sl (p) for all (a,p) € N.
Note that (0_p,w,o(—=T1,0,z,w)) € ®_1,(K) and therefore
(G*lea W(_Tla 03 2, ’U))) EN.

The topology on UxJ is the induced product topology from U x M, thus there are
open neighborhoods V' C J of ¢(—T1,0,z,w) and W C U of _pw with W x V C N.
Because of continuous dependency on init values, we can choose V small enough, such
that

o(11,0,V,0_1,w) C B%l (2)- (1.8)
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Since (w, z) € w(u,z) and because of invariance of w(u,z) we have
O—ryw, p(—T1,0,2z,w)) € w(u,zx).
Thus there is a time t; > ty with ¢(t1,0,z,u) € V, and it follows that
(01w, o(t1,0,z,u)) € W xV CN.
This means, that
B, (p(T1,0,0(t1,0,z,u),0_7,w)) C int O;TH—SI (p(t1,0,z,u)).
Now define the control function % : R — U by

o u(t) for t < tq,
u(t) T { w(t - T1 - tl) for ¢ Z tl.

Together with (1.8) we get

z € Be,(p(t1 + T,0,z,4))

C int Oy, 4 g, (p(t1,0,7,u))

= int O;TI‘FSI (¢(t1 — 10,0, p(t0, 0, z,u), u(to +-)))
06 O, 6141, 10 (P10, 0,2, 0))

C
C int OST0+50+T1 +S1+ti—to (y)

where the last line follows from (1.6). Thus we have shown, that there exists a 7 > 0 with
z € int OF_(y). Vice versa, one can show, that y € int O.(2) for a ¥ > 0. Now there
exists a neighborhood V, of z (relative to J) with V, C int O (y). By local accessibility
on J the set V := int O (z) NV, is nonvoid. Every p € V can be reached from y and
hence from z and therefore from every point in int O~ (z). Thus V' C D for some control
set D. Finally, since z € D can be reached in finite time from int V' C int D, it follows
that z € int D. Thus we have shown 7y (K Nw(u,z)) C int D. Furthermore, Proposition
3.2.19 in [9] implies D C clJ. m

1.2 Bilinear Control Systems

1.2.1 Main Control Sets and Systems Group

The stability behavior of bilinear control systems can be characterized by Lyapunov
exponents (cf. for example Chapter 2.1). For studying the Lyapunov exponents the
projection of the bilinear system on projective space plays an important part. We will
analyze the control sets of the projected system. It turns out that the control sets with
nonvoid interior can be described by the eigenspaces corresponding to piecewise constant
and periodic control functions.
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In the following chapters, a nonlinear control affine system on R? of the form

ueU={u:R—-R",u(t) e U for a.a. t € R locally integrable} '

is given. We assume that fo,... , f,, are C2 vector fields on M and that U is a compact
and convex subset of R™ containing 0. Furthermore, suppose that for all (u,z) € U x R?
the equation (1.9) has a unique solution ¢(t, 7, z,u),t,7 € R, with o(7,7,2,u) = .

As the title of this book indicates, we consider a special class of control systems,
namely those with a singular point.

Definition 1.2.1 The nonlinear system (1.9) has a singular point z* € R? if
filx®) =0 foralli=0,... ,m.

It follows, that (¢, 7,2*,u) = z* for all ¢t,7 € R,u € U. Now let us suppose, that
the nonlinear system (1.9) has a singular point z* € R%. If we linearize the nonlinear
system (1.9) at the singular point z* we obtain the following bilinear control system on
R?:

T = Agz + ZZ’;I uz(t)AZm

vu€eU={u:R—>R":u(t) € Ufor a.a. t € R locally integrable}, (1.10)

where A; := %‘ . We denote by the mapping R x R —gl(R?), (t,7) — n(t, 7, u)

— %

the fundamental solution of the linear system (1.10) for a u € U.

Associated with the bilinear control system is its projection on the real projective
space P41

u€U={u:R—-R™ u(t) €U for a.a. t € R,locally integrable}, ’

where
hi(p) := (A; — pT Aip-id)p for i = 0,... ,m.

and T denotes the transposition and id the d x d identity matrix. We denote the solutions
of (1.11) by Pn(t, 7,u)p with Pn(r,7,u)p = p for 7,t € R p € P 1 u € U. Note, that
this is a nonlinear control system on P41,

For a point z € R? \ {0} we denote its projection on P4~! by Pz, and for a point
Pz € P! we denote P~(Pz) := {ar : a € R,a # 0}. Then we have P(n(t,T,u)z) =
Pr(t,7,u)Pz for all t,7 € R,z € R? \ {0}.

Very often in this section, we suppose that the Lie algebra rank condition is fulfilled.

Condition 1.2.2 The projected control system (1.11) is locally accessible, which is
equivalent to the Lie algebra rank condition

dim LA{h(-,u) :u € U}(p) =d — 1 for all p € P41, (1.12)
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Equivalence of local accessibility and the Lie algebra rank condition comes from the
fact, that the projected system (1.11) is real analytic.

Next we define the systems group and the systems semigroup. First we define for
abbreviation the set V

m
N := {A0+ZuZAZu € U} Cgl(d,]R),

=1

which consists of all right hand sides of the bilinear system (1.10), if we apply constant
controls.

Definition 1.2.3 The system group G and the semigroup S are defined by

g= {eXptan-...eXptlBl 1t ER,B]' EN,j=1,... ,n,nEN},
S ={expt,B,-...expt1B1:t; >0,B; € N,j=1,... ,n,n € N},

These groups correspond to fundamental solutions of the bilinear system (1.10) with
piecewise constant controls. For g € S there is a corresponding piecewise constant and
periodic control function u, € U. If ¢ = expt,By - ... - expt1 By with B; = Ag +
Yot uiAi,u; € U for j =1,... ,n, then define

j-1
ug(t) = uj for t € [Z tj,Zt,-) with o = 0,
=0 =0

and continue it ©-periodically with © = Y7 | ¢;. It follows, that we have (0,0, uy) = g.
Vice versa, for a piecewise constant control function w : [0,¢] — U there exists a unique
element g, € S, defined by g, := n(¢,0,u).

The subsets of the group G and the semigroup S for which we have in the definition
> i1 |tj| = t are denoted by G; and S}, and the subsets where }°7_, [t;| < ¢ are denoted
by Q’St and SSt'

The system group G and the semigroup S act by a natural way on R?, by gz for
g € G,z € R, The Lie group G induces a Lie group PG obtained via a projection
denoted again by P, identifying g; and g9 if g3 = age for some a # 0. This group
PG and the semigroup PS correspond to the projective control system (1.11). The Lie
algebra rank condition (1.12) implies that PG acts transitively on P4~ and the interior
intPS<; of PS<; relative to PG is nonvoid for every ¢ > 0.

For notational convenience we write in the following g €intS<; if we mean elements
of g € § with Pg € int PS<;.

The projective system (1.11) is a nonlinear control system on the compact space
P4—!. But because it is induced by the linear system (1.10) we can make a quite sharp
characterization of the control sets with nonvoid interior of the projective system. Before
doing this, we have to introduce some more notations.
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For an element g € S denote by spec(g) C C the spectrum of the matrix g € S. For
a o € spec(g) we denote by

E(0) C R¢

the generalized real eigenspace corresponding to o. The projection of E(o) onto P41
is defined by

PE(o) := {Pz:z € E(0),z # 0}.

Theorem 1.2.4 Consider the projected system (1.11) and assume that the local acces-
sibility condition 1.2.2 holds.

(a) The system has k control sets D; with nonvoid interior in P41 and 1 < k < d; we
call these control sets the main control sets of the system (1.11).

(b) The main control sets are linearly ordered, with D; < D; if there exists an x € D;
with OF(z) N D; # 0. We use the enumeration D1 < ... < Dy. The mazimal
control set C := Dy, is invariant and closed, the minimal control set C~ := Dy 1is
open.

(c) For every t > 0, every g € int S<; and every o € spec(g) there is a main control
set D; such that E(o) satisfies PE(0) C int D;. Vice versa, each z € int D; is an
eigenvector for a real eigenvalue of some g € int S for some t > 0.

(d) For every g € S and every o € spec(g) there is a main control set D; with PE(o)N
clD; £ 0. Vice versa, for every D; and every g € S there exists o € spec(g) with
PE(c) NclD; # 0.

Proof. Theorem 7.1.1. and Theorem 7.3.3. in [9]. m

This theorem characterizes the interior of the control set with nonvoid interior on
P4~ via the eigenspaces of elements in intS. But for a general g € S (which does not
lie in the interior of S) the eigenspaces need not to be contained in the closure of the
control sets with nonvoid interior, a counterexample is given by Example 7.3.14 in [9].

For g € § and a main control set D we define
D(uy) = {z € P41 P(t,0,u,) € c1 D for all t € R}.

For g € int S<; and each main control set D we have
D(uy) = P(EP E()),

where the sum is taken over all o € spec(g) with PE(c) C int D. We get

k k
K = D(ED E(0)) = D F*[Di(uy)) (113

i=1
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see Theorem 7.3.10 and Remark 7.3.11 in [9].

Recall that for all main control sets D; there exists a unique chain control set E
with D; C E. For general control affine systems, it can happen, that there are chain
control sets, which do not contain any control set with nonvoid interior. However the
next theorem shows, that for the projective system (1.11) in every chain control set
there must be a main control set. Furthermore one chain control set can contain more
than one main control set. An example for this is given in [9], Example 7.3.14.

Theorem 1.2.5 Suppose, that the projected system (1.11) on P41 fulfills the acces-
sibility rank condition (1.12). Then every chain control set E of the projected system
contains a main control set . In particular, if k denotes the number of main control sets,
and | the number of chain control sets , then 1 <[ < k < d.

Proof. See Theorem 7.3.15 in [9]. m

Associated with the bilinear system (1.10) is its control flow T® : R x U xR4— UxR4,
defined by

T(@t(uax) = (atuan(t70au)$) (114)
for (t,u,z) € R x UxR.

Remark 1.2.6 We denote the control flow of the linearized system (1.10) not only by
T® to distinguish it from the control flow ® of the nonlinear system (1.9). The reason

is, that T® s the linearization of the flow ®, if we identify the tangent space of M in
x* with RY.

For the projected control system (1.11) the projected control flow P® is defined by

P®: RxUxP' — UxP~!
(t,u,a:) = (gtuapn(taoau)p)'

If E C P?~! is a chain control set of the projected system (1.11), then its lift £ is defined
by

£ = {(u,p) €U x P41 : Pp(t,0,u)p € E for all t € R}.
The space UxR? can be viewed as a (trivial) vector bundle 7 : ¢ x R? — U by
defining
w(u,z) = .

Then the space U x P4~1 can be interpreted as the projective bundle Pr : U x P41 — 4
associated to the vector bundles 7 : U x R¢ — U with Pr(u,p) = p. For more information
about vector bundles, see [9] Appendix B, D.Husemoller [19] and M.Karoubi [22]. The



20 1. Linear and Nonlinear Control Systems

control flow ® defines a linear flow on the vector bundle 7 : i x R — U and P® is its
associated projected flow on Pr: U x P4~ — U4, cf. [9].

To get a deeper insight into the relation of chain control sets and the main control
sets and to analyze the Lyapunov spectrum which we define later, we must have a
dynamical analysis of the control flow. This will be done in terms of lifts of chain
control sets of the projected control flows P® and exponentially separated subbundles
of the control flow ® of the bilinear system (1.10).

First we define the (fibrewise-) norm |- | on U x R? by
|(u,z)| == ||z|| for every (u,z) € U x R

A pair of T®-invariant subbundles (V1, V™) with UxR = V* @ YV~ (Whitneysum) is
called exponentially separated if there are ¢ > 1 and p > 0 with

|T<I>t(u,:v+)| < ce_"t|T®t(u,x_)|
or in other words
(2,0, u)z™ || < ce™* [|n(t, 0, u)z™ ||

for all ¢ > 0 and (u,z%) € V*,(u,27) € V= with ||zT||,||z~|| = 1. Hence exponential
separation means that the exponential growth rate for a solution in the first bundle is
uniformly smaller than for one in the second bundle if we start in the same fibre.

Theorem 1.2.7 Let E1,... , E; be the chain control sets of the projected system (1.11)
and let & denote the lift of the chain control set E;,i = 1,...,1. Then every &; defines
an invariant subbundle V; of U x R via

Vi =P HE&) = {(u, ) €U xR : & # 0 implies (u,Pz) € &}
and the following decomposition in a Whitney sum holds:
V=V1&...0V.

If (V*,V7) are nontrivial ezponentially separated subbundles, then there is 1 < j <l
such that

\Vas ZVlGB...EBVj and YV~ ZV]'_H@...EBVZ.
Conversely, subbundles V™ and V™ defined in this way are exponentially separated.

Proof. By Theorem 4.3.11 in [9] the lifts of the chain control sets are the maximal
invariant chain transitive sets for the projected control flow (4 x P41 P®). Thus the
Theorem follows from Theorem 5.2.5 and Corollary 5.2.11 in [9]. =

Now we can characterize the exponentially separated subbundles of U xR? by the
chain control sets of the projected system.
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Theorem 1.2.8 Consider the bilinear control system (1.10) and assume that the Lie
algebra rank condition (1.2.2) holds for the projected system (1.11). Then we have for
each 3 =1,...,1

g € intS<y for some t > 0 and
V; =} (ug,z) €U xR : z € @P1[D;(uy)] with summation
over all 1 such that D; C E;

In particular, for every u € U and every j = 1,... 1 there are z1,... ,1;; € R such
that

Vj (u) = Spa’n’{xla s 7~’If'ij}
and every Px; lies in the closure of some main control set.
Proof. See Theorem 7.1.3 in [9]. m

The equation (1.13) and the Theorem 1.2.8 allows us to define the multiplicities of
a main control set D and of a chain control set E as

m(D) := #{o € spec(g) : PE(c) C intD} for all g € int S<,t > 0,
m(E) := dim V(u) for all u € U,

where each o € spec(g) is counted according to its multiplicity. m(D) and m(E) are
well defined, because they are independent of g € int S<¢,¢ > 0 and u € . In particular
if we denote by D;,, ..., D;, all those main control sets which are subsets of E; we get

in

m(E;) =m(Dy,) + ... +m(Dj;).

1.2.2 Floquet, Lyapunov and Morse Spectrum

We will now characterize the Lyapunov exponents of the bilinear control system (1.10).
It will turn out, that the Lyapunov exponents are related to two other spectral concepts,
the Floquet and the Morse exponents. Here the main and the chain control sets of the
projected system (1.11) play an important role.

Now we introduce the spectral notions we will need in this and the following sections.

e The Lyapunov ezponent of a solution 7(-,0,u)z of the bilinear system (1.10) for
z # 0 is defined as

N, 2) = limsup,_, o, § log [|n(t, 0, u)z]| .

e The Floquet spectrum over a main control set D of the projected system (1.11) is

z € intD, u is piecewise constant and
7-periodic for some 7 > 0 with Pp(r,0,u)z =z

EFI(D) = {)\(’U,,J)) :
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The Floquet spectrum of the bilinear system (1.10) is defined by
k
Sp = Sr(D).
i=1

The Lyapunov spectrum over a main control set D of the projected system (1.10)
is defined by

S1y(D) == {)\(u,m)  (u,z) € U x P41 Pr(t,0,u)z € clD for all t > 0} .

The Lyapunov spectrum over a subbundle ¥V C U x R? is defined by

y(V) = { X u,z) : (u,z) € V,z # 0}

The Lyapunov spectrum of the bilinear system (1.10) is defined by

iy = {Mu, ) : (u,z) €U x R,z # 0}.

The finite time exponential growth rate or the chain exponent of an (&, T)-chain ¢
in P41 given by n € N, tg,... ,t, > T, and (ug,po),--. , (tn,pn) €U x P41 is
defined by

-1
Q) = (S5 1) 0 o [IPy(t:, 0, ui)ai| — log |zl
where z; € P~1(p;).

The Morse spectrum over a chain control set E of the projected system (1.11) is
defined by

there exist ¢¥ — 0,7% — oo and
Smo(E) := { A€ R: (eF, T*)-chains ¢* in £ such that the chain
exponents satisfy A(¢¥) — X as k = oo

Here & denotes the lift of the chain control set E.

Clearly we have X C Xr,. The next Theorem shows, that the Lyapunov spectrum

is sandwiched between the Floquet and the Morse spectrum, i.e. we have

Y C Yy C Yo,

and it characterizes the various spectral terms more closely.

Theorem 1.2.9 Consider the bilinear system (1.10) under the Lie algebra rank condi-
tion (1.12).
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(a) For each main control set D of the projected control system (1.11) clXpi(D) is a
bounded interval. Each A € X gi(D) is of the form X € spec(g) for some g € int S.

(b) For each chain control set E of the projected system (1.11) ¥pr0(E) = [k*(E), (E)]
is a closed, bounded interval. The order E; < E; implies k*(E;) < k(E;) and
k(E;) < K(Ej).

(¢) X1y C Epmo and each k*(Ej),k(E;) for j = 1,...,1 are regular Lyapunov expo-
nents A\(u,z) for some (u,z) € U x R? with Pn(t,0,u)Pz € E; for all t > 0.

(d) If the projected control system (1.11) is completely controllable on P41, then

AXm (P41 = X1, = Zae(P).

Proof. Cf. Theorem 7.3.22 and Corollaries 7.3.18 and 7.3.23 in [9]. =

Next we analyze, when the closure of the Floquet spectrum, the Lyapunov spectrum
and the Morse spectrum coincide. Consider the family of bilinear systems

& = fo(z) + 3% wi (t) filz)
u€eUP ={u:R — R™ u(t) € U for a.a. t € R, locally integrable} (1.15)
Ur = p- U,P > 0,

where U C R™ is convex, compact with 0 € intU. We also use p = oo, thus YUY® =
UpsoU” = Loo(R,R™). For each p € [0,00] the objects related to (1.15)” may be
denoted by a subscript p. Then we define the p-inner pair condition as

Condition 1.2.10 For all p,p’ € [0,00] with p < p' and all chain control sets EP of
(1.15)P each point (u,z) € E° is an inner pair of (1.15)" .

We get the following result.

Theorem 1.2.11 Consider the family (1.15)P of bilinear control systems , and assume
that for each p the Lie algebra rank condition (1.12) and the p-inner pair condition
1.2.10 is fulfilled. Then there are at most d — 1 values for p € [0,00] such that for all
other p € [0, 00] we have k(p) = l(p), where k(p) denotes the number of the main control
sets and l(p) the number of the chain control sets. Furthermore

chf = EZP and clEFl(DZP) = ELy(Df) = EMO(EZP) fori=1,... k(p).

Proof. Follows from Lemma 6.3.3 and Theorem 6.3.4 in [9] together with Theorem
7150 [9]. m

If the state space of our bilinear control system is two dimensional, then we get a
result on the spectra without the p-inner pair condition. This will be used in Chapter
5.1 to compute analytically the spectrum of the perturbed Duffing-van der Pol oscillator.
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Theorem 1.2.12 Consider the bilinear system (1.10) on R? and suppose, that the Lie
algebra rank condition (1.12) is fulfilled. Then its spectrum satisfies c1Xp; = Yy =
Ymo- More precisely, we have the following three possibilities:

(a) The projected system (1.11) has two main control sets D1 < Dy and two chain
control set By = cl D1, Es =clDy. Then

2

2
A% = JdZm(Di) = Bry = | Smo(Ey)
i1 =1

and the entire spectrum consists of real eigenvalues of constant matrices.

(b) The projected system (1.11) has two main control sets D1 < Do and one chain
control set E = P4~1. Then

2
AXp = U ASp(Di) = Bry = Zmo(E)
=1

and the entire spectrum consists of real eigenvalues of constant matrices.

(¢) The projected system (1.11) has one main control sets D and hence one chain
control set E =P4"'. Then

cXpi(D) = By = Epmo(E)
and the spectrum of constant matrices may be contained strictly in Xr,.

Proof. See Theorem 10.1.1. in [9]. m

Finally the next Theorem shows, when it is actually enough to compute the eigen-
values of constant matrices to compute the whole Lyapunov spectrum.

Theorem 1.2.13 Consider the bilinear system (1.10) and its projected system (1.11)
satisfying the Lie algebra rank condition (1.12). Let E be a chain control set, with
multiplicity 1. Then

Emo(E) = {X € Zpo(E) : X is an eigenvalue of A(u) for some u € U},
and the main control set D with c1D = E satisfies
clXp (D) = X1y (D) = Sp(E).
Proof. See Theorem 7.3.25. in [9]. m

The following technical proposition will be used in Section 4.3. As we have seen in
Theorem 1.2.4, the eigenspaces of elements in int S<; lie in the interior of main control
sets. If one takes the direct sum of all those eigenspaces, which do not lie in C := Dy,
then this sum does not intersect C.
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Proposition 1.2.14 Consider the bilinear control system (1.10) and its projected sys-
tem (1.11) satisfying the Lie algebra rank condition (1.12). Let Er,... , E; be the chain
control sets of the projected system (1.11) with I > 2 and suppose, that E; has multiplic-
ity 1. Let D1 < ... < Dy_1 < Dy, =: C be the main control sets with C C E;. Suppose,
that

Lry(Di) = [kf,ki) fori=1,...,k—1 and
Ly(C) = [kf,kk] withk} > ki fori=1,... k—1.

Let g € int S<; for some t > 0 and spec(g) = {o1,... ,0n} with
Re(lno;) <... <Re(lno,_1) < Re(lnoy).
Then
CNP@ E(o)) = 0.

Proof. Suppose, that there is an z € @]~ 1E( i), # 0 such that Pz € C.

Then there is an u = u, € U piecewise constant and periodic with period ©, such that
7(0,0,u) = g. Now we use Floquet Theory, as in G.Sansone and R.Conti [27]. There
is a matrix @ € /.',((C) with 7(0,0,u) = e®?. Note that because 1(0,0,u) = n(0,0,u)
1f follows, that g2 = ¢©Qe0Q = e@(Q+Q) Thus if we define R := Q + Q € R**? we have

g —eeR nd

n(t,0,u) = G(t)es'?

by defining G(t) := n(t, 0, u)e_%tR € gl(R%). G(t) is 20-periodic. Denote the eigenvalues
of @ by spec(Q) = {f?, .. ,{f?} and the eigenvalues of R by spec(R) = {&1,... ,&n}- If
we order them in the right way we get

Q
g; = eggi .
But because 02 are the eigenvalues of g? we have 0 = e%& and get
o; = 29 for i = 1,...,n.

In particular we have Reé; < ... <Reé,_1 < Re&, and E(0;) = E(&).
Now let {z;;};j=1,.4 C R? be a basis of E(¢;),i = 1,... ,n and let

n—1 lj

r = E E aij:v,-j

i=1 j=1

with a;; € R, where dimE(§;) = ;. Let there be without loss of generality a j €
{1,...,lp—1} such that a,_1 ; # 0. Let ig € {1,... ,n—1} be the smallest number such
that Re(&;,) = Re(&n—1)-

If ip = 1, then Re({1) = ... = Re(&,—1). Now because g € int S<;, it follows, that
P(a!'E(¢)) C int D for some main control set D with D < C, see Proposition 7.3.7 in
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[9]. Thus it would follow, that Pz € CNint D which is a contradiction to the maximality
of the control sets.

Now suppose, that 39 > 1. If there is no ¢ € {1,... ,499 — 1} such that there is an
Jj € {1,...,l;} with a;; # 0, then we get as before, that Pz € int D for a control set
D < C, and we get a contradiction again.

Now suppose, that there is ani € {1,... ,i9 — 1} such that thereisan j € {1,... ,l;}
with a;; # 0. Consider the linear autonomous differential equation on R?

y = Ry,

where we denote the fundamental solutlon by n(t,7,R) € gl(R?),t,7 € R. Define
z1 = Z’O ! Z] 1 @ijtig and xg i= Y Z] 1 @iz and

z1(t) :== n(t,0, R)z1 and zo(t) := n(t, 0, R)x2
Note, that z1(t) € ®2°7' E(&) and zo(t) € @7:_13)]3(51) for all £ € R. We finally denote
z(t) :==n(t,0, R)z = z1(t) + z2(¢).
For every v € (Re(&;,—1), Re(&;,)) there are Ky, Ko > 0 such that

||.’131(t)|| < Kle’yt and
|z2(t)|| > K2e?* for all t > 0.

Ea | e

for all z,y € R? \ 0, which makes P41 to a compact metric space. We show, that for
every € > 0 there is a N > 0 such that for all 7 > N we have

(1.16)
A metric d on P41 is given by

d(Pz,Py) := min{

inf{d(Pn(j0,0,u)z,Py) : Py € P(@] B(&))} <.

We have
z(t) H ‘ 1 |21 ()]l
< ||lz(t + .
O T | < O @] ~ Tea@n| + et
Because ||z2(t)|| — ||z1(¢)]] > 0 for ¢ big enough we get by (1.16)
lze@I _ =@ l|lz1(2)]]
lz@I Nz (@) +z2@)) ~ llz2@)] — [z @)
and it follows again with (1.16), that lim;_, ””w((t))“" =0.
Furthermore we have
|z ( M ||£E e (@)l [lz2(#)|l [|z2(2)]]
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If ||z2(t)|| — [|z(2)|| > O we get for ¢ big enough

lz2@ = lz@N _ lz2@)]l = [[lz2@O + lz1 Ol _ 21 ()]
2@~ 22 (@) lz2 (B

and if ||z2(t)]| — ||z(¢)|| < 0 we get for ¢ big enough

—llz2@l +l=@Ol o —llz2@)] + 211 + 22| _ [l @)l
[z (@) - [z (B)] [[z2(B)]
Because of (1.16) it follows lim;_, H;;%H = 0 and we get limy_, o ||z(2)|| ”w(lt)” — IIwzl(t)II =

0. We finally obtain

2(t) ()
Te@ ~ Tea()

Because 7(t,0,u) = G(t)n(t,0, R) we have n(t,0,u)z = G(t)z(t) and n(t,0,u)zs =
G(t)z2(t). By periodicity of G(t) and with (1.17) we get

lim
t—o0

| =o (117

lim H n(ZGaO,u)x _ n(iGaO,u)"L‘Z
i~oo || [[(i©,0,u)z]| (O, 0,u)z2||

-0

Thus for every € > 0 there is an N > 0 such that for all ¢ > N we have
inf{d(Pn(i©,0,u)z,Py) : Py € P(@]_ E(&))} <. (1.18)

Now according to Proposition 7.3.7 in [9] we have P(®?_!E(£;)) C intD for some

=10

main control set D < C. But relation (1.18) means, that there is a ¢ > 0 such that
Pn(t,0,u)z € int D, thus it would follow, that C' < D which is a contradiction. m
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Chapter 2

The Nonexistence of Control Sets

In this chapter we start to analyze the controllability properties of a control affine system
at a singular point z*. Here (and in the following chapters) the Lyapunov spectrum
serves as an indicator for the controllability properties.

We first consider systems, where the supremum of the Lyapunov spectrum is neg-
ative, or the infimum of the Lyapunov spectrum is positive. Both cases are treated
together in the first section of this chapter. We denote the class of systems where the
supremum of the Lyapunov spectrum is negative as stable and the second class where
the infimum of the Lyapunov spectrum is positive as unstable systems. We show in
Theorem 2.1.4, that in both cases there is an open neighborhood around the singular
point z*, such that no control set with nonvoid interior intersects this neighborhood.
For showing this, we need the notion of local stable and unstable fibre bundles for the
control flow of the nonlinear control system. In a more general setting (for linear flows
on vector bundles) this can be found in I.U.Bronstein and A.Y.Kopanskii [7] and in
Colonius and Kliemann [9], Chapter 5. The necessary results we need here were taken
from Chapter 7 in [9]. Local stable fibre bundles for the control flow are subbundles
of U x R%. They can be characterized locally by the long time behavior of trajectories
starting near the singular point.

In the second part we consider the case, where we have two exponentially separated
subbundles V* and V™ of Y x R? with U x R? =V @V~ which are invariant with respect
to the linearized control flow and sup X1,(V*) < 0 < inf £7,(V ™). Here the dichotomy
spectrum of the linearized flow which will be defined below, plays an important part.
This dichotomy spectrum of the linearized flow will be compared with the dichotomy
term of the Appendix 6.1.1 for linear time variant differential equations. If we consider
the linearization of the nonlinear control system at the singular point for a fixed control
function, then we obtain a linear time variant differential equation. There the dichotomy
spectrum is given by Definition 6.1.3. We show in Lemma 2.2.4, that this dichotomy
spectrum (for an individual control function) is contained in the dichotomy spectrum of
the linearized flow.

Then we can show in Theorem 2.2.6, that there is a neighborhood around the singular
point with the following property: Given two points of a control set which lie in this
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neighborhood, then one can steer if at all one point to the other only by leaving this
neighborhood at some time.

2.1 Stable and Unstable Systems

In this section we consider control affine systems with a singular point, such that the cor-
responding Lyapunov spectrum has the property, that either sup ¥, < 0or inf 37, > 0.
We will show, that locally around the singular point there is no control set with nonvoid
interior. The idea behind the proof is to show, that if we have for example sup X, <0,
then all trajectories ¢(t,0,z,u) which start near the singular point tend in an uniform
way to the singular point as ¢ goes to infinity. Thus there can not be periodic trajectories
near the singular point, and therefore no control sets with nonvoid interior. For getting
the uniformity result we need the notion of stable and unstable fibre bundles.

We start by introducing the necessary notations. We consider a control-affine system
on R? with the following form:

&= fo(z) + 252 ui (1) filz) (2.1)
uelU={u:R—R" u(t) € U for a.a. t € R locally integrable} '

where U is a compact and convex subset of R™ containing 0. We assume that fo,... , fm
are C2 vector fields on R?. Furthermore, suppose that for all (u, ) € U xR? the equation
(2.1) has a unique solution (¢, T, z,u),t,7 € R, with (1, 7,z,u) = z.

We suppose in this section, that the system (2.1) has a singular point z* € R¢.

The system linearized at the singular point z* € R? has the form

&= Aoz + Y i ui(t)Aiz (2.2)
vweEU={u:R— R" u(t) €U for a.a. t € R,locally integrable}, '

where A; := % . We denote the fundamental solution of (2.2) for a u € U by
T=x*

n(t,T,u), with n(7,7,u)z = x, where 7, € R,z € R?. Note, that this defines a mapping
R x R x U —gl(R), (t,7) — n(t, 7, u).

Associated with the bilinear control system is its projection on the projective space
Pd_l,

p = h(p,u(t)) = ho(p,u(t)) + 25 ui(t)hi(p, u(t)) (2.3)
weU={u:R—R" u(t) €U for a.a t € R, locally integrable} '

where
hi(p) :== (A; — pT Ajp-id)p for all i = 0,... ,m.

We denote the solution of (2.3) by Pn(t, 7,u)p, with Pn(r, 7,u)p = p, where 7,t € R,p €
Pl u cU.
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We remind you, that the accessibility rank condition for the projected system (2.3)
is given by

dim LA{h(-,u) :u € U}(p) =d — 1 for all p € P!, (2.4)
cf. Chapter 1.2.1.
The control flow associated with (2.1) is denoted by
®:RxUxXR? - U x R%,

and the control flow (or the linearized flow) associated with the linearized system (2.2)
is

T®: RxUxRE — U x R?

(L) = (ult+ )0, 0,u)z). (2.5)

In this section we will get results on control affine system with sup¥;, < 0 or
inf ¥, > 0. But before looking at these systems more closely, we make a short trip to
stable and unstable fibre bundles for the nonlinear control flow. Here we first suppose,
that we have a decomposition of U x R% into two exponentially separated subbundles V*
and V™ with Y x R* = Y+ @ V~. By Theorem 1.2.7 such a decomposition is possible,
if the projected system (2.3) has at least two chain control sets.

Then the following local stable manifold theorem for the system (2.1) holds.

Theorem 2.1.1 Consider the control system (2.1) with singular point z* € R?. Assume
that the linearized flows T® on U x R admits the decomposition

UxR=VtoV~ (2.6)

such that there are constants c¢g > 0 and 9 > 0 with
|T®(u, z)| < coexp(—eot) | TP (u,y)|, t>0 (2.7)

for (u,z) € V1, (u,y) € V™ with ||z|| = ||y|| = 1, and
st :=supXr, (V') <0. (2.8)

We call V't satisfying (2.8) the stable subbundle and V™ the unstable subbundle. Then
there are § > 0 and a map

St {(u,z) eV ||z]| <6} = U x R
of the form
St (u, ) = (u, 5" (u, z))

with the following properties:
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(a) For every a > k™ and every (u,y) in
Wt = {8"(u,z) : (u,z) € V' and ||z|| <6} =im S+
one has

lim e “(p(t,0,z,u) —z*) = 0.

t—o0

We call W a local stable manifold corresponding to the stable subbundle V7.

(b) The map ST is a bundle isomorphism onto its image W ; in particular, for every
control w € U the fibres

W, = {:C eERY: (u,z) € W+}

are topological manifolds and their dimension equals the dimension of V1.

(¢) The local stable manifold W is positively invariant under the control flow @, i.e.
for (u,z) € Wt one has

(Byu, ©(t,0,z,u)) € W for all t > 0.

(d) The distance of the subbundle W to VT can be made arbitrary small in the fol-
lowing sense by choosing 6 > 0 small: For all h > 0 there is a § > 0 such that W
is contained in the cone K,(V1) of angle h around V1 given by

Ky(VF) = {(u,x+ ba) (u,zt) € VT and (u,z7) € V™ }

with ||z~ || < bz
Proof. See Theorem 7.4.1in [9]. m

Remark 2.1.2 Under the same assumptions as in Theorem 2.1.1, by replacing (2.8)
with

k™ :=inf X, (V™) >0,
one can prove an unstable manifold theorem via a map
ST {(u,z) €V i |z| <6} U X RY

and its image im S~ =: W™. Then the local unstable manifold W~ is negatively invari-
ant, the fibres are topological manifolds and for every (u,z) € W~ and every a < K~
we have

lim e *(p(t,0,z,u) —z*) = 0.

t——00

If one of the bundles VT or V™ is trivial, we get the following result.
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Corollary 2.1.3 If
supXry <0 (2.9)
then there exists a o > 0 such that for all z € B,(z*) and all u € U we have x € W,I.
If
inf¥r, >0 (2.10)
then there exists a o > 0 such that for all z € By(z*) and all w € U we have z € W, .

Proof. This follows by Theorem 2.1.1 (b) and Remark 2.1.2 by considering in the
first case the subbundles (V*,0) = (U x R?,0) and (V~,0) = (U x R?,0) in the second
case. W

By Corollary 7.2.17 in [9] follows, that if the projected control system (2.3) fulfills
the Lie algebra rank condition (2.4), it follows, that

sup X, = sup X and inf Xy = inf Xpy.
Thus in this case we can replace the relation (2.9) by sup Xz; < 0 and the relation (2.10)

by inf X p; < 0.
Corollary 2.1.3 means, that if we have supXr, < 0, then we get

tliglo ||<p(t50,$au) - ‘T*|| =0
and if we have inf X7, > 0, then we get

tlginoo ||(10(t7 071'7”) -z || =0

for all z € By(z*) and all v € U. Hence if supXr, < 0, then the singular point z*
is locally attractive for all u € U, and a subset of its domain of attraction is given by
B, (z*). The important fact is, that this subset of the domain of attraction is independent
of the chosen u € U.

The next theorem shows, that locally around the singular point there is no control
set with nonvoid interior, if the Lyapunov spectrum of the bilinear control system (2.2)
fulfills the relation (2.9) or (2.10).

Theorem 2.1.4 Consider the nonlinear control system

z = fo ("E)+Z:’;1ul (t)fl(x) (2 11)
veEU={u:R—=>R" u(t) €U for a.a. t € R locally integrable} )

where U is a compact and conver subset of R™ containing 0 and fo,... , fm are C?
vector fields on R and its associated linearized system (linearized at the singular point
z* €RY)

T = Aypz + Zﬁl ui(t)Aia:

vEU={u:R—R" u(t) €U for a.a. t € R locally integrable} (2.12)

where A; 1= ofi . Suppose, that the following conditions are satisfied.
9z r=x*
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(a) The nonlinear control system (2.11) has a singular point z* € R and it is locally
accessible from all z € R\ {z*}.

(b) The Lyapunov spectrum of the bilinear control system (2.12) fulfills

supXry <0 or infXz, > 0.

Then there exists a neighborhood N of z* such that there is no control set D C R?
with nonvoid interior and N Nint D # ().

Proof. First suppose, that sup X; < 0. Then according to Corollary 2.1.3 there is
a o > 0 such that for all u € Y and all z € B,(z*) we have x € W,. The idea is to
show, that there can not be a periodic trajectory, which lives in B, (z*). Now suppose,
that there is a control set D C R? with nonvoid interior, such that B, (z*) Nint D # 0,
i.e. there are z,y € By(z*) Nint D. Because the system is locally accessible from
all z € R%\ {0} the interior of D is controllable. Hence for z,y € int D there are
t; > 0,u; €U,1 = 1,2 such that

w(tl’oaxaul) =Y,
@(t2703y5u2) = Z.

Define the function u € U by

u(t) — ul(t) for t € [O,tl),
) UQ(t—tl) for t € [tl,t1+t2),

on [0,%; + t2) and continue it periodically. By construction the trajectory ¢(t,0, z,u) is
(t1 + t2)-periodic. Because x € B, (z*) it follows that = € W,. But this is a contradic-
tion, because according to Theorem 2.1.1 we must have lim;_, « ||p(¢,0, z,u) — z*|| = 0.

Next suppose, that infXp; > 0. According to Corollary 2.1.3 there is a ¢ > 0
such that for all v € U and all z € B,(z*) we have z € W, . Suppose, that there
is a control set D C R? with nonvoid interior, such that B,(z*) Nint D # 0, i.e.
there are z,y € B,(z*) Nint D. Since we have local accessibility on R? \ {0}, we get
D =cOt(z)NO (z) = clOT(y) N O (y) (cf. Lemma 3.2.13 in [9]). Hence there are
t; > 0,u; €U,1 = 1,2 such that

Y= QD(_tl,O,II),Ul)
T = @(_tQaanauﬂ)'

Define the function u € U by

u(t) — ul(t) fort e (—tl,O],
) ’U,Q(t+t1) fort € (—tg—tl,—tl],

on (—t, —t9,0] and continue it periodically. Hence the trajectory o(t,0,z,u) is (t1 +t2)-
periodic. Now because = € B,(z*) it follows that = € W, . This is a contradiction, be-
cause according to Theorem 2.1.1 and Remark 2.1.2 we have lim;,  ||¢(t,0,z,u) — z*| =
0. m
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2.2 Hyperbolic Systems

We consider the control-affine system on R?

&= fo(z) + >, ui (t) fi(x) (2.13)
u€eEU={u:R—>R" u(t) €U for a.a. t € R,locally integrable}, ’

where U is a compact and convex subset of R™ containing 0. We assume that fq, ..., fm
are C? vector fields on R?. Furthermore, suppose that for all (u,z) € U x R? the system
(1.1) has a unique solution ¢(t, 7, z,u),t,7 € R, with o(7,7,z,u) = =.

We suppose, that the system (2.1) has the singular point z* = 0 € R?. Note that
the assumption £* = 0 is no restriction. If our control affine system has a singular point
z* # 0 we can transform the control system by an affine transformation into a control
affine system with 0 as singular point. The assumption z* = 0 is made here only for
notational convenience.

The system linearized at the singular point z* € R? has the form

T = Ayz + Z;il uz(t)Azm

w€elU ={u:R—R", u(t) € Ufor a.a. t € R locally integrable} (2.14)

where A; = %{% . We denote the fundamental solution of (2.2) for a v € U by

r=z*

n(t,7,u), with n(7,7,u)z = z, where 7, € R,z € RY.
The control flow associated with (2.13) is denoted by
d:RxUxXRT U x R?,
and the control flow associated with the linearized system (2.14) is defined as in (2.5)
by
TP :RxU xR - U x R

In this section, we consider the case, where we have two exponential separated sub-
bundles Vt,V~ C U x R¢ which are invariant with respect to the linearized flow and

sup B, (V') <0 < inf ¥y, (V7).

Such an exponential splitting is possible, if the projected system on P4~! has at least
two chain control sets, cf. Theorem 1.2.7 and Theorem 1.2.8.

We now come to the exponential dichotomy for the linearized control flow T®. The
dichotomy spectrum (or dynamical spectrum, how it is also called) was introduced by
R.J.Sacker and G.R.Sell (cf. [25],[26]). The results for the linearized flow are taken from
the book of Colonius and Kliemann [9].

A projection P on the vector bundle 7 : U x R — U is a continuous map P : U xR¢ —
U x R with P o P = P, such that the restrictions on the fibres Py, : (u, R?) — (u, R?)
are well defined linear maps.
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Definition 2.2.1 An exponential dichotomy of the linearized flow T® on the vector
bundle 7 : U x R — U is given by a projection P which is not the identity or zero on
U x R such that there are constants K > 1, > 0 with

|T®; 0P o T®_,| < Ke =7 fort>r,
I T®;0(id-P)oT® ,| < Ke**"7) fort<r.

For each v € R,u € U the fundamental solution of the linear differential equation
& =[Ag+ > ui(t)Ai — yid]z. (2.15)
=1

will be denoted by
(¢, 7,u) for t,7 € R

Note that we have for all t € R

n (¢, 7, u) = e 7yt 7, u).
For v € R,t € R we define

T®] :=e "'T,.

Then we have

T®] (u,z) = (Opu,n (t,0,u)x)
forallt e R.
Definition 2.2.2 The dichotomy spectrum of the linearized flow T® is

Ydich = {7y € R: the flow T®" has no exponential dichotomy}.

The next lemma, shows, that the dichotomy spectrum is just another description of
the Lyapunov spectrum.

Lemma 2.2.3 For the linearized control system (2.14) we have
YLy = Ydich-

Proof. Since the flow (U, ) is chain transitive, this follows from Theorem 5.5.9 in
9. m

Thus instead of using the Lyapunov spectrum, we can use the dichotomy spectrum
to characterize the linearized control flow.

In Appendix 6.1.1 we introduce another dichotomy term. It is defined for linear time
variant differential equations. The bilinear control system (2.14) can be interpreted as
a family of linear differential equations, parametrized by the control functions u € U.
Each of the resulting linear system has its own dichotomy spectrum. We will compare in
the following lemma, how the dichotomy spectrum of each individual equation is related
to the dichotomy spectrum of the linearized control flow.



2.2. Hyperbolic Systems 37

Lemma 2.2.4 Assume that for a v € R the linearized flow T®7 has an exponential
dichotomy with a projection P : U x R* — U x R% and constants K > 1,a > 0 such that

|T®] o P o TP | < Ke 7 fort>r,
IT®] o (id—P)oT®? | < Ke=7 fort<r.

Then for each u € U there is an invariant projector R(:) := R(-,u) : R — L(R?) in the
sense of Definition 6.1.2 for the system (2.15) such that

7 (¢, 7, w)R(7)|| < Ke ®t=7) fort>r,
I (t, 7,u)[id —R(7)]|| < Ke*t7)  forT >t

In particular it follows
AO + Z uz C Y dich-

Proof. Because 17 (t,7,u) = n7(t — 7,0,6,u) we have
T®] _(6;u,z) = (Opu,n?(t — 7,0,0,u)z) = (Oru,n" (¢, 7,u)). (2.16)
Define the function Q : R — C'(U x R,UXR) by
Q(t) :=T®] o PoTP”,.
Then we have

Q(t)(u,z) = T®] o P o T® ,(u,x)
=T®] o P(0_,u,n"(—t,0,u)z)
= T®}(0_u,Py_,un"(—t,0,u)z)
= (u,n"(t,0,0_u)Py_,,n"(—1,0,u)x)

We define the mapping Q : Rxi — R? by

Q(t,u) :==n"(t,0,0_tu)Py_,,n" (—1,0,u).
Now for (u,z) € U x R? we get

Q(t) o T®] _(u,x) = T®] o P o T®?, 0 T®] _(u,x)
= T®] o P oTd (u,z)
= T®)(0_,u,Py__yn" (—7,0,u)x)
= (Or—ru,n"(t,0,0_ru)Pg__yn"(—7,0,u)z)
= (0s—ru,n" (¢, 7,0—ru)n" (1,0,0_-u)Py_,un (—T,0,u)z)
= (Or—ru,n (¢, 7,0_7u)Q(7, u)z).
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On the other hand we have

Q(t) o T, (u,7) = Q(t)(bs—ru, 0" (t — 7,0, u)z)
= (gt—Ta Q(ta gt—Tlu')n’7 (t -0, Iu')a:)
= (et—T, Q(t, 9t—TU)7)7 (ta T, B—Tu)x)'

Thus it follows

' (t,7,0-ru)Q(7,u) = Q(t, 0 —ru)n (¢, 7,0 7u).

Furthermore by definition we have |(u, z)| := ||z|| for every (u,z) € U x R. We get

H"ﬂ(tﬂ—a H—TU)Q(T’ u)'TH = ||717(t - T,O,U)Q(T, U)JIH
= [(Or—ru,n"(t — 7,0,u)Q(7, u)z|
= |T2]_, (u, Q(7,u)z)|
= |T®/_, 0 Q(7)(u,z)|
= |T®] o T®,0cPoT® (u,z)|
= |T®] o Po T®" (u,z)|,

and

177 (¢, 7,0—7u)[id —Q(r, w)]z|| = [[n”(t — 7,0, u)[id —Q(r, u)]z||
= [(Or—ru,n"(t — 7,0, u)[id —Q(7, u)]z|
= |T®]_,(u, [id —Q(7,u)]z)|
= |T®;_, o [id —Q(7)](u, z)|
=|T®] ,o[id—T®)oP o T |(u,z)|
= |T®]_ o [T®) — T®) o P] o T (u,r)|
= |T®] o [id —P] o T®” ,(u,z)|.

Thus if we set v := 6_,u we obtain

n (¢, 7,v)Q(, 0-v)
77, 7,0)Q(T, 07v)||
77 (¢, 7,v)[id —Q(r, 6v)]|

This means, that the linear differential equation & = [Aoz + Y i vi(t)Ajz — vid]z has
an exponential dichotomy in the sense of Definition 6.1.2 with the constants «, K and
the invariant projector R : R — L£(R?) defined by

R(t) = Q(t, Opv).

Q(t,0v)n"(t,7,v) forallt, 7 € R,
Keot-7) for all t > T,
Keolt=7) for all ¢ < 7.

IAINA I

Before we come to the main result we have to introduce the following notation.
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Definition 2.2.5 Let z € R¢ and N C R with + € N. Then we define the reachable
set in N by

there is au € U and a T > 0 such that o(T,0,z,u) =y
+ — . s Uy by
On(s) := {y eN: and p(t,0,z,u) € N for all t € [0,T]. '

Thus (’)41\',(;1:) consists of all those points we can be reached from z without leaving
N. If we have a control set D C R? and a set N C R? such that

r€DNN = DC Ok(z). (2.17)

is fulfilled, it follows that D C N. On the other hand suppose, that there is a control
set D C R? and a set N C R?, such that (2.17) is not fulfilled. This means, that there
are z € DN N and y € D such that = can only be steered to y by leaving N.

Theorem 2.2.6 Consider the nonlinear control system

& = fo(z) + 258 wi (¢) fi(w) (2.18)
veEU={u:R—>R" u(t) €U fa.a. t€ R locally integrable} )

where U s a compact and conver subset of R™ containing 0 and fo,... , fm are C?
vector fields on R%. Suppose that the following conditions are satisfied.

(a) The nonlinear control system (2.11) has a singular point z* € R and there is an
open neighborhood V. C R of z* such that the system (2.18) is locally accessible

(b) If we linearize the system (2.13) at the singular point =*, then the corresponding
linearized control flow T® on U x R? admits the decomposition

UxR=VToV~ (2.19)
into exponentially separated subbundles with

sup B, (V') <0 <infZr, (V7).

Then there is a neighborhood N C R of x* such that there is no set D C R¢ with
nonvoid interior and the property

z€DNN = D C OF(z).

Proof. For notational convenience we assume without loss of generality, that z* = 0.
Because the vector fields f; of the nonlinear system (2.1) are C%-vector fields, we can
write
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where A4; := %‘ _ and F;(x) is a continuous differentiable vector field, with %I; : o
0. Thus the system (2.18) can be written in the form
= A(u(t))z + F(t,z,u) (2.20)

with

Au(t))z == Aoz + 370 ui(t) Az
and

F(t,z,u) := Fo(z) + D00, ui(t) Fi(z) .
Note, that 2E(¢,z,u)| _, =0 and F(t,0,u) =0 for all t € R and all u € Y.
Step 1: By Lemma 2.2.3 we have
YLy = Ydich-

Thus by Lemma 2.2.4 it follows, that for every u € U we have

S(A(w) € Bp, (VF) USL, V), (2:21)

and for every v € (sup X1, (VT),inf X1,(V 7)) there is @ > 0, K > 1 such that for every
u € U the differential equation & = [A(u) — yid]z has a dichotomy with the constants
a, K.

Step 2: According Proposition 6.1.9 for each u € U, there is a kinematic similarity
transformation S(u) : R — L£(R?) between

&= Au(t))z (2.22)
and the decoupled linear differential equation
5= A% (u(t))z. (2.23)
with
A (u(t)) = diag (A" (u(t)), 4™ (u(t)))
such that
S(AT(u) C B, (V) and S(A™ () C Sry(V7) (2.24)

because of (2.21). Because there are o > 0, K > 1 such that the system (2.22) has for
every u € U a dichotomy with these constants (according to Step 1), we can conclude
with Proposition 6.1.9 that there is a constant ( > 0 which is independent of u such
that we have the estimate

1S(t,w)|| < ¢ and ||S™'(t,u)|| < forallt € Ru €. (2.25)
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We denote the subspace corresponding to A~ (u) by X~ (u) < R? and the subspace
corresponding to AT by Xt (u) < R%. We denote by ||-| = the norm on X * (1) x X~ (u)
defined by

tu _
12, »)|I7* = max{]|=], [lyl|}-
Then we have for every (z,y) € X (u) x X~ (u)
Iz + yll < llz]| + llyl| < max{2 |||, 2 |yll} = 2|/(z,y)|*" (2.26)
Note that
dim X" (u) = dimV* and dim X~ (u) = dim V.

The projection of R? onto X (u) will be denoted by P*(u) and the projection of R%
onto X~ (u) by P~ (u). We denote the fundamental solution of (2.23) by n* (¢, 7,u), that
of £ =A"(u(t))r by n*(¢,7,u) and that of y = A~ (u(t))y by 0~ (¢, 7, u).

If we apply the kinematic similarity transformation S(¢,u) to the nonlinear control
system (2.20) we get the following system on X (u) x X~ (u)

z=A"(ult))z + F*(t,z,y,u)

y=A"(u(t))y + F~(t,z,y,u) (2.27)

where we define

F*(t,z,y,u) = Pt(u) o S(t,u) o F(t,S7L(t,u)(z,y),u)
F~(t,z,y,u) := P~ (u) 0 S(t,u) o F(t,S~ (t,u)(z,y),u)

We denote the solution of (2.27) by (¢, 7,z,y,u) for all t,7 € R (z,y) € X xY,u € U.
Step 3: Now we choose «;, 8; € R4 = 1,2 with

ap <inf¥, (V') <supBr,(V1) < B < s <inf¥, (V") <sup I, (V') < B
and 0 > 0 with

a — B

<S<2

Because of (2.24) for every v € (—o0, a1 — 6) U (81 + d, a0 — ) U (B2 + 0, +00) there is a
K > 1 and an a > 0 such for all u € U the linear differential equations

& = [A(u(t)) — 7id)z (2.28)

have an exponential dichotomy with the constants K, «, i.e. if we denote by 77 (¢, 7, u)
the fundamental solution of (2.28), then there is an invariant projector Q7(-,u) such
that the dichotomy relation

I (¢, 7, w)Q(r,u)| < Ke =7 fort>r,
||777 (ta T, u)[ld _Q(Ta ’U,)] || S Kea(t—s) for ¢ S T,
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is fulfilled. According with Step 2 & = A(u(t))z and 2 = A% (u(t))z are kinematic equiv-
alent. Thus with Satz 3.26 and Lemma 3.19 in [29] it follows, that there are constants
K#* >1and a > 0 such that for u € U the system 2z = [A¥ (u(t))— id]z has also an expo-
nential dichotomy with the invariant projector Q% (¢, u) := S~ (¢, u) Q" (t,u)S(t,u),t €
R and the constants K+, o .

By Lemma 6.1.11, for all u € U we get

In* (7 u)| 5" < KEAET) forallt >,
It ) |5 < KEem@=D forallt <7,
ln~ (7 w) |5 < K7 forallt> T,
ln=(t, 7, u)||T" < K*e®2(-7) forallt<r.

Step 4: Now for every u € U and every ¢ > 0 we define the radial retraction
re : XT(u) x X~ (u) = clB.(0) (with a slight abuse of notation) by

ro(z,9,1) = (z,y)  for |lz+yll <e,
e\, Y, ) = H;Ty”(w,y) for ||z +yl| > e.

Note, that r.(z,y,u) has the global Lipschitz constant 1 for all u € Y. We define the
reduced standard system

z=A"(u(t))z + F(t,z,y,u)

7 =A"(u(t))y + F- (t,z,y,u) (2.29)

on Xt (u) x Y~ (u) by

Fj’(t,x,y,u) = F+(t’r€($7y7u)au)a
_ _ (2.30)
FE (t7 ‘T’ y7 u) = F (t7 Ts(m,y7 ’U,),U),
which coincides on Rx cl B.(0) with the transformed system (2.27). This differential
equation is in fact a standard system in the sense of Definition 6.1.10 of Appendix 6.1.2.
The solutions starting at time 7 at point (z,y) € X(u) x Y(u) will be denoted by
we(t, 7,z,y,u) and they are unique and exist for all ¢ € R.
Then for given L, Q > 0 there exists an € := (L, Q) > 0 such that for all u € U the
nonlinearities (2.30) fulfill the properties

IFE (8, y,u) — B (2, w) |50 <0 Lz, y) — ()",

”Fs (t,m,y,u) - Fs_(t7 J’Jay,’u)“i,u S L ||(CL',y) - (xlay,)l £ ) (2 31)
|F(t, g, )| < Q, '
|1F= (b2, y, u) | < Q,

for all (z,y),(z',y") € XT(u) x X (u) and all t € R.
To see this, note first that

OF;(z)

F;(0) =0 and %

=0forall:=0,... ,m.
=0
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Thus by the mean value theorem there exists an € > 0 such that for all z,z' € B.(0)
and all ¢ = 1,... ,m we have

, L
N < s@ @t damm)

Q
| Fi(z)|| < 2¢2(1 + diam(U))’

|17i(=) (EREdF

where ( is given by (2.25). Then we get

| (z) = F(a")|| < || Fo(z) — Fo(«)|| + Z Jui (V)] || Fi(2) — Fy(')

diam(U
< 242( +d1am ||$ z ” + Z 2(2 +d1am ” rT—T ”
L
- e+

and

[1E(@)] < [|Fo(x ||+Z|Uz ) Ei(=

Q
§2—CQ-

Thus we have for all w € Y and (z,y), (z',y') € XT(u) x X~ (u) and all t € R
IF (8,2, y,u) — F (8,2 o)

= ||P+(u) o S(t,u)[F(t,S ' (t,u)re(z,y,u),u) — F(t, S’fl(t u)rs(x' Yy, u),u)]”i’u
< [|S(t, vl HF(t,Sil(t,u)rE(a:,y,u),u) - F(t, Sil(t’ u)re 'y u ”

: % 1571t w)lre(, y,u) — re(a’, 4 w)]
Sg“"ﬂs(wayau) E( 'Yy )H
< 2 M) ~ @)l
< Li|(z,9) — (',9")||7*
and

< Sl
< QI
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Step 5: Choose L > 0 such that

0

KL
SKT11

and choose € > 0, such that the relation (2.31) holds for all (z,y), (z',v') € X (u) x
X~ (u),t € R and all u € Y and define

N := Bz (0).

Suppose, that there is a set D C R with nonvoid interior such that for all z € D it
follows, that D C (9?\', (z). Now choose pg,p1 € D. Because p1 € D C (9]; (po) it follows,
that there is a time ¢35 > 0 and a control function vg € U such that

©(t,0,p0,v0) € N for all ¢ € [0,19] and
w(toaoaPOaUO) = p1-

In the same way one sees, that there are ¢; > 0 and u; € U with

o(t,0,p1,v1) €N for all ¢ € [0,%;] and
QO(tl, Oapla ’l)1) = Po-
Thus if we define the function v € U by

u(t) . ’Uo(t) for te [O,to],
’ ’l)l(t—to) for te [to,t0+t1],

and continue it © := (ty + t1)-periodical, we get

(,O(t + k@,O,po,u) = (,O(t,O,p(),u) and
(t,0,p0,u) EB%(O) forallt e Rk € Z.

Because fo(z) + > i ui(t) fi(z) is ©-periodic, there is a 20-periodic similarity trans-
formation S(-,u) between & = A(u(t))z and 2 = A*(u(t)), see Appendix 6.2 for the
construction of S(-,u). This means, that for u the system (2.27) as well as the reduced
system (2.29) are 20-periodic in their ¢-components. Because ¢(t,0,pg,u) € B:(0) it
follows with (zg, o) := S(0,u)py that

||1/)(t307$03y05'u’)|| = ||S(t,u)<,0(t,0,p0,u)||
SCH(p(t’OapOau)”
<eg

and we get therefore

w(taoa‘TanOau) = Ne(taﬂa'TanOau) for all t € R
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We have chosen in Step 4 and 5 the constants ¢, a, 8, K, §, such that we can apply the
Hartman-Grobman Theorem 6.1.22 on the reduced system (2.29). By the Hartman-
Grobman Theorem 6.1.22 the reduced standard system

z=A"(u(t))z + FF(t,z,y,u)
y=A (u®))y+ F, (t,z,y,u)

is topological equivalent (with respect to the trivial solution) to the linear system
5= AT (u(t))z
via a topologically equivalence H : R x R?— R? which is 20-periodic. This means, that
™ (¢, 0,u)H(0, 70, y0) = H(t, pe(t,0, 0, yo, u))
for all ¢ € R. Because of periodicity we get

7 (¢ + 20k, 0, uyH(0, 20, 30) = H(t, et + 20k, 0,20, y0, w))
= H(t, /Jg(t, O, o, Yo, ’LL))

for all t € R and k € Z. Therefore n*(-,0,u)H(0,z¢,yo) is 20-periodic and it follows,
that

A(Uo, H(Oa wanO)) =0.

But this is a contradiction to the assumption, that 0 € X7,. m

Remark 2.2.7 There is an alternative proof for this theorem. By a cut-off technique
we can restrict the linearized flow T®, such that we can apply a Hartman-Grobman
Theorem on this restricted flow, cf. Bronstein and Kopanskii [7]. This means, that the
restricted flow is topologically equivalent to a flow, which is generated by a blockdiagonal
bilinear control system, like the system (2.23) in the proof the Theorem 2.2.6. Then we
can make the same construction as in Step 5.

Remark 2.2.8 This Theorem does not show (as Theorem 2.1.4), that no control set
with nonvoid interior intersects the meighborhood N. For erxample, there could be a
family of periodic orbits, which do not lie completely in N but are arbitrarily close the
singular point. Such effects can not be treated by linearization at the singular points x*,
because this gives us only local results in a neighborhood around x*. The global behavior
outside this neighborhood is not considered.
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Chapter 3

The Existence of Control Sets

In this chapter we will state a criterion, which yields the existence of control sets with
nonvoid interior, such that the singular point of the control system lies in the closure of
the control sets.

The idea to search for such a criterion was motivated by numerical experiments with
the perturbed Duffing-van der Pol oscillator (cf. Chapter 5.1). This is a two dimensional
system with singular point at the origin. For small perturbations, it has no control sets
with nonvoid interior. But as the perturbation exceeds a certain level, then suddenly
one obtains two control sets with nonvoid interior, such that the singular point lies in
the closure of them.

The key to understand this behavior is the Lyapunov spectrum, which has only
negative values for small perturbations as long as we can observe no control sets. If the
perturbations are big enough, then 0 lies in the interior of the Lyapunov spectrum, and
it has positive values, and we observe the two control sets with nonvoid interior.

Now the basic idea. is to apply Proposition 1.1.21: If we find a pair (u, p) € UxR? such
that the set {¢(¢,0,p,u) : ¢ > 0} is bounded and some strong inner pair conditions are
fulfilled, we can conclude that we get a control set with nonvoid interior which intersects
mraw(u,p). So in this chapter we will construct for certain p € R? a corresponding
control function u € Y with these properties.

First we will explain the general construction idea. We need a periodic control func-
tion u® € U, such that the corresponding linearized system has only negative Lyapunov
exponents. Then we will need a periodic control function u” € U having the property,
that the corresponding linearized system has positive and negative Lyapunov exponents
(and no Lyapunov exponent 0). For the nonlinear ordinary differential equation, which
is associated to u”, we will define the local stable and unstable fibre bundles. Then we
will define a subset of the unstable fibre bundle, called target, which is important for
the construction of the control function u. We will characterize the local behavior of
the system corresponding to u” near the singular point. The construction of the control
function u € U will be made in a recursive manner. The resulting pair (u,p) € U x R%
now has the property, that {¢(t,0,p,u) : ¢ > 0} is bounded. We will extract a pair
(u*,p*) € w(u, ) which is also an element of the local unstable fibre bundle. Then the

47
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Existence Theorem 3.7.1 shows, that we get a control set with nonvoid interior and the
singular point in its closure. We will characterize this control set by the local unstable
fibre bundle.

3.1 Basic Idea

We consider the control affine system on R?

5= fo (o) + S0t (8) £(2) )
ueEU={u:R - R" u(t) € U for a.a. t € R locally integrable} '

where U is a compact and convex subset of R™. We assume that fy,... , fm are C?
vector fields on R?. Furthermore we suppose that for all (u,z) € U x R? the equation
(3.1) has a unique solution (¢, 7,z,u),t,7 € R, with (7, 7,z,u) = .

We suppose, that the system (3.1) has the singular point z* = 0 € R?. Note that
the assumption £* = 0 is no restriction. If our control affine system has a singular point
z* # 0 we can transform the control system by an affine transformation into a control
affine system with 0 as singular point. The assumption z* = 0 is made here only for
notational convenience.

Associated with the nonlinear system (3.1) is the bilinear control system on R¢:

&= Az + Y iv, ui(t) Az

vueEU={u:R - R"™ u(t) € U for a.a. t € R locally integrable} (3:2)

where A; := %% . For u € U we denote the fundamental solution of (3.2) by n(t, 7, u),
xr=

with (7, 7,u)z = z, where 7, € R,z € R%,
For the rest of this chapter, we suppose, that the following conditions are satisfied.

Condition 3.1.1 We assume, that there exist two periodic control functions uP, u® € U
with the following properties:

(a) The control function u” has period © > 0 and the Lyapunov exponents )\’f, ... ,/\g
of the corresponding linear system

m
= Aoz + Z ul(t) Az
i=1

have the property

M> . >2Ms0>M > >N (3.3)

n

forane{l,...,d—1}.
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(b) For the control function u® the corresponding linear system
m
T = Aoz + Z uf(t) Az
=1

has the Lyapunov exponents \i,... , A with the property

0> XA > A >...> A (3.4)

We call u" the hyperbolic control function and u® the stable control function.

The superscript * stands here for hyperbolic and the superscript ® for stable. These
symbols should emphasize, that if we apply the control function u” to our control sys-
tem, the linearized system has a hyperbolic structure, which is locally inherited by the
nonlinear system. If we apply the control function u*®, then the nonlinear system is
locally asymptotically stable at the singular point.

Now the question arises where we get this condition on the control system (3.1) from,
and when is it fulfilled?
Consider the perturbed Duffing-van der Pol oscillator (cf. Chapter 5.1)

T=y
{ y = (a+ut))z - py — z° — 2%y (3.5)
u€U,:={u:R—=R:u(t) €U, for a.a. t € R, locally integrable}

with U, = [—p,p] C R Then, for p < i, we investigate numerically, that there is no
control set with nonvoid interior. For p > i suddenly we get two control sets with
nonvoid interior, such that the singular point lies in the closure of the both control sets.

As long as p € [0, i) there are two subbundles Vi, Vo C U x R* with
ELy = ELy(Vl) U ELy(Vz) CcCR.

Thus, for every control function the corresponding Lyapunov exponents are negative.
For p € (1,2) we compute that 0 € int £1, (V). The Duffing-van der Pol oscillator is a
two-dimensional system, thus it follows clXp; = X1, (cf. Theorem 1.2.12). Because of
dimV, = 1 we can find a periodic control function «” with Lyapunov exponents as in
(3.3).

Now for a general system (3.1) we may frequently assume, that ¥r, = c1Xp; (cf. The-
orem 1.2.11). If we now have the decomposition U x R¢ = V; @...® V) for exponentially
separated subbundles Vi, ...,V (cf. Theorem 1.2.7) and

Yry(Vi) CR™ and 0 € int X1, (V) with dimV; =1

h

then we can find control functions »", u® as in Condition 3.1.1.
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Figure 3.1: Basic construction idea of the control function u.

But if dimV; > 1 then it is not guaranteed, if we can find a control function u®. It
could be, that for every u € U we find an z € R? with A(u,z) > 0. The same happens,
if we have 0 € int ¥r,(V;) for j # . Thus in these cases, the Lyapunov spectrum does
not indicate the existence of the two control functions " and u®.

It is not always a hopeless mission, to find " and u®. In Chapter 5.2 we show by the
example of the perturbed Lorenz equation, that it sometimes suffices to look at constant
control functions. Then, by calculating the eigenvalues of the corresponding linearized
spectrum, one can possibly find constant u” and u® € U.

To obtain the existence of control sets with nonvoid interior under the Condition
3.1.1, the basic idea is to apply Proposition 1.1.21. Thus we need a pair (u,p) €
UxR? such that {o(t,0,p,u) : t > 0} is bounded. We will construct such a control
function as follows. First we choose a starting point p € R?, close enough to the
singular point 0, such that we can characterize the qualitative behavior of the ordinary
differential equations corresponding to u” and u®. The system corresponding to u® is
locally asymptotic stable. For u" we get local stable and unstable fibre bundles, which
means that if we start with a point near the singular point 0, the solutions are driven
away from 0. The idea is to construct u by switching between u” and u* (cf. Figure
3.1).

We steer some time towards the origin with . Then we switch to u” and get driven
away from the singular point 0, until we reach some set, the so called target set. Then
we steer towards the origin with u° and so forth. By choosing the appropriate switching
times, we can achieve, that mraw(u,p) # {0}.
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3.2 The Hyperbolic System

In this section we will have a closer look at the hyperbolic system

m

&= fo(x) + Y uf(t)filx). (3.6)

i=1

We want to define the local stable and unstable fibre bundles for this system and define
the target set (cf.Figure 3.1). We refer here to Appendix 6.2 for the technical background
of the following results.

Because the vector fields f; are C%-vector fields, we can write

filz) = Ajz + Fi(z)

where Fj(z) is a continuous differentiable vector field, with %”i 0= 0. Thus system
r=
(3.6) can be written in the form
z=A(t)x + F(t,z) (3.7
with
A(t)z := Aoz + Z ul(t) Az
i=1
and
m
F(t,z) = Fy(z) + Y _ u(t)Fi(z).
i=1

Note, that A(-) as well as F(-,z) are O-periodic because u” is ©-periodic, and that
9E (¢, x)‘mzo = 0 and F(¢,0) = 0 for all £ € R. Thus equation (3.7) has the form of
equation (6.22).

The associated linearized system
= A(t)x (3.8)

has the fundamental solution 7(¢, 7,u"). As in Chapter 6.2 there is a 20-periodic linear
transformation g(t), defined as in (6.24), which transforms the nonautonomous system
(3.8) into the autonomous system

T = Rx

with an R € L£(R?). If we arrange the eigenvalues &1, ... ,&; in the right way we have
Ai = Re(&;). Let X denote the sum of the generalized eigenspaces of R which belong to
the eigenvalues &1, ... &, and Y the sum of the generalized eigenspaces of the eigenvalues

Ent1y--- 5 &a-



52 3. The Existence of Control Sets

The projection P onto X x Y is defined by

P: R XxY
VAR 4 (PXz,Pyz)

with the linear projections Py : R* - X and Py : R* - Y onto X and Y.
With help of these projections we define the following blockdiagonal linear system

on X XY
t=A"x (3.9)
y=A"y
with AT := PyRP;' and A~ := PyRP;'. The fundamental solution of equation (3.9)
will be denoted by
v(t, T, uh) = diag(vx (¢, , uh), vy (t, 1, uh))
Define the transformation

F: RxRY - X xY
(t,z) Pogil(t)x

With the transformation F, the original system (3.6) gets transformed into following
differential equation on X x Y

=A%tz + Ft(t,z,y)

: 1
y=A"y+F (t,z,y) (3.10)

which we call the transformed system, where F™ and F~ are defined as in (6.30) and
(6.31). We denote the solutions of (3.10) by (t,7,z,y,u”) with ¢(r,7,z,y,u") =
(z, )"

Finally, by defining F" and F_ as in (6.30) and (6.31), we get for every £ > 0 the
reduced standard system

&= Az + FF(t,z,y)

; 2 3.11

on X xY which coincides on Rx cl B¢(0) with the transformed system (3.10). We denote
the solutions of (3.11) by pe(t, 7, z,y, u”) with p. (7,7, z,y,u?) = (z,y)7.

Definition 3.2.1 We define the mapping
e() : [0, 00)— [0, 00)

as in Remark 6.2.5. After choosing o, 8,0 and K as in (6.35), (6.38) and (6.39) we
define L* as in (6.40) and €* := e(L*).
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L* is a Lipschitz constant for the right hand side of (3.11), for which the reduced
system (3.11) fulfills the existence properties of the Existence Theorem 6.1.13 on invari-
ant fibre bundles. The map () : [0, 00)— [0, 00) maps every L € [0, L*] to an ¢(L) such
that the corresponding reduced system (3.11) has Lipschitz constant L. Thus for every
e € (0,e*) we get (globally) stable and unstable fibre bundles for the reduced system.

Note that we have chosen «, 3,4, K such that 0 € (8 + KL,a — KL).

For € € (0,¢*] we define
e the unstable fibre bundle X; C Rx X x Y which is characterized by

X, ={(r,z,y) € RxX x Y : (-, 7, z,y,u") is v~ -quasibounded}
={(r,z,y) ERXX xY :y = wl (1,7)}
for every v € (8 + KL,a — KL) with corresponding mapping w} : RxX — Y.
e the stable fibre bundle ), C Rx X x Y which is characterized by
V. ={(r,2,y) e RXX XY : pe(-, 7, z,y,u") is v -quasibounded}
— {(r,2,y) € RxX X Y : 3 = w7 (r,)}
for every v € (8 + KL,a — K L) with corresponding mapping w; : RxY — X.
e the local unstable fibre bundle X' C R x R¢ by

Xgl"c = {(7,p) € R x R?: (1, F(1)p) € X:}.

e the local stable fibre bundle Y*¢(u") C R x R? by

ygoc = {(1,p) € R x R (1, F(1)p) € Ve}.

Remark 3.2.2 Note, that XE,yE,XEl"C and ygoc are uniquely defined and do not depend
on «,B,K,§ chosen by Remark 6.1.14.

Because the reduced standard system (3.11) fulfills the conditions of Theorem 6.1.18,
we may also apply Theorem 6.1.20, which yields the existence of asymptotic phases .
Denote by

P.: RxXxY — X.

(ta,y) = (t,P(t,7,) (3.12)

the asymptotic phase of A, with the corresponding function P, : Rx X XY — X x Y.
For the hyperbolic system (3.6), we define a local version PL°¢ of P, by

Ploc. RxR? — xloc(yh)

t,p) — (&F LO)P.(t, Ft)p)). (3.13)
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which we denote as local asymptotic phase . We define
Pty p) = F () Pe(t, F(t)p)-

The functions P. and ﬁé"c are 20-periodic in the ¢t-component and P.(¢,0) = 0 and
Ploc(t,0) =0 for all t € R.

For € € (0,e*] we can also apply the nonautonomous Hartman-Grobman Theorem
6.1.22 to the reduced system. Then we obtain a topological equivalence between the
reduced system (3.11) and the linear system (3.8)

He :RxX XY > X xY.
For the hyperbolic system (3.6) we define H%¢: R x R¢ — R¢ by

HYo(t,p) i= F () He (8, F(t)p).-

Next we define subsets of the unstable manifold X!°¢ for the reduced system (3.11):

Definition 3.2.3 For every € € (0,&*] and every p > 0 we define

Xe<p = {{t,2,y) € X+ [|(2, )|l < p}

and
X <p(t) :=={(z,y) € Xo : (t,z,y) € Xe <}

Note, that for every ¢ € R we have X, <,(t) = X:(¢) N clB,(0) and since w} (-, ) is
20-periodic, we have

Xgép(t + 2k0) = Xg,gp(t)
forallte R and all k € Z.

Lemma 3.2.4 For every € € (0,*],p > 0 and every a,b € R with —00 < a < b <
the set X <p([a,b]) := U 0 Xe,<p(t) 15 compact.

Proof. Let (zn,w] (tn, Tn))nen C Xz <p([a,b]) be a sequence with (tn)nen C [a, b]
and (z,)neny € X. Because [a, b] is compact, there exists a convergent subsequence of (¢,,)
(which we will denote for abbreviation again as (¢,,)) with lim, o t, = t* € [a, b]. Since
|(zn, wS (tn,zn))|| < p there is a convergent subsequence (which we denote for abbre-
viation (2, w} (tn, Tn)),cy) With limy o0 (zn, wl (tn, 2,)) = (z*,y*) and [|(z*,y*)| < p.
Because of continuity of w} we get

lim (2, w (ty, ) = (=, wl (t*,2%)) € X:([a, b]).

n—00

Thus (z*,y*) € X: <,([a,b]), which shows that X; <,([a,b]) is compact. m
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For the construction of the control function u we have to define the set, to which we
want to steer with control function u” (cf. Figure 3.1). We call this set the target set and
it will be a subset of /’\.’Eloc. For the linear system, the target 7T}, is just the sphere with
radius p in X. Then we will extend this definition to the level of the reduced system
(3.11) and then to the level of the hyperbolic system (3.6).

Definition 3.2.5 For p > 0 define the sphere T, in X with radius p by
T, :={(2,0) € X XY : [lz]| = p},

and the disc D, in X with radius p by
Dy = {(x,0) € X x ¥ : |z < p}.

Definition 3.2.6 For every € € (0,e*] and for every p > 0 we define the target T , and
the target disc D; , by

= {(t, 2, w} (t,2)) € X : (z,w] (t,2)) € H'(t,T,)}

= {(t,z,w} (t,2)) € X. : (z,w] (t,2)) € H7'(t, Dy)}
and

Tep(t) :=A{(z,y) € T(t) : (,2,9) € T p}

Dep(t) == {(z,y) € Tc(t) : (t,2,9) € Tep}
forallt € R

Note, that since H,. is 20-periodic, we have

Te ot + 2k0) = T2 (1)
D, ,(t + 2kO) = D, ,(t)

forallte R and all k € Z.

Lemma 3.2.7 For every € € (0,e*],p > 0 and every a,b € R with —00 < a < b <
oo the sets Tep([a,b]) = Usefan Tewn(t) and Dey([a,b]) := Uye(q ) Pe,p(t) are compact.
Furthermore, D; p([a,b]) is pathconnected. If n = 1, then T; ,([a,b]) consists of two
continuous curves, and if d > 2, then T; ,([a,b]) is pathconnected, too.

Proof. First we show that 7; ,([a,b]) is compact. Let (tn,Zn,Yn)nen C Tep be a
sequence with ¢, € [a,b]. Since [a,b] is compact there is a convergent subsequence of
(tn)nen which we denote again by (tp)nen with lim, o t, = t € [a,b]. The sequence
(Pn,Gn) := He(tn, Zn,yn) € T, has a convergent subsequence which we denote again by
(P> Gn)nen With limy, 0 (pn, gn) = (P, q) € T,. Thus we get
lim (tnaxnayn) = hm (tnaH_l(tn’pn’QR) = (t,'H_l(p, q)) € 7;,P([aa b])

n—oo
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which shows that 7; ,([a,b]) is compact. The compactness of D, ,([a,b]) is shown simi-
larly.

If n =1, then dim X = 1. Thus 7, = {(p,0), (—p,0)} and by definition of 7; ,([a, b])
we have

Tz p([a, b)) = {H(t,p,0) : t € [a,b]} U{H " (t,—p,0) : t € [a,b]}.

To show that 7; ,([a, b]) is pathconnected for d > 2, take two points p, g € ¢ ,([a, b]).
Then there are t,,t, € [a,b] with (¢y,p), (t4,9) € Tz 5([a,b]). Define (z,0) := H.(t,,p) €
T, and (y,0) := H.(tq,q) € T,. Because [a, b] x T}, is pathconnected there is a continuous
path ¢ : [0,1] = [a,b] X T, with ¢(0) = (¢, z,0) and &(1) = (¢4,y,0). Thus the continuous
path ¢ : [0,1] = T¢ ,([a, b]) defined by c(t) := H_ 1 (t,&(t)) has the property c(0) = (t,,p)
and c(1) = (t4,9). Therefore the set 7; ,([a,b]) is pathconnected. Similarly one can
prove that D, ,([a,b]) is pathconnected. m

The next lemma shows, that for every open neighborhood of 0 we can choose a
p > 0 such that for every ¢t € R the disk D, ,(t) is contained in the ball. Note that this
statement is not totally obvious, because D, , is defined by the topological conjugation
He.

Lemma 3.2.8 For every € € (0,&*] and every o > 0 there ezxists an p > 0 such
DE,P - XE,SU'
Proof. Because D, ,(:) is 20-periodic, it suffices to show, that there is a p > 0 with
D p(t) C X <o (1) for all t € [0,20], which means, that maxe[o20] | De,p(t)|| < o

The mapping

m: [0,20] x X xY —» R
(t,z,y) — || HT (2, y)||

is continuous with m(¢,0,0) = 0 for all ¢ € [0,20]. Therefore, for each ¢ € [0,20] there
is a neighborhood V; C R of ¢t and a p(t) > 0 with

sup{m(s,z,y) : s € Vi, (z,y) € cl B,;)(0)} < o.
Because [0, 20] is compact there is a p > 0 with
sup{m(s, ,) : 5 € [0,26], (z,9) € cl B,(0)} < o

Thus for all ¢ € [0,20] and all (z,0) € clB,(0) we have |H~'(t,2,0)|| < o, which
means, that |D, ,(t)|| <o. =

Finally we define the target for the hyperbolic system (3.6).
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Figure 3.2: The target 'Tgljf and the target disc Dé‘,’g.

Definition 3.2.9 For every € € (0,&*] and every p > 0 we define the target 7;{%0 and
the target disc D¢

€,p
Tioc .= {(t,p) € R x R%: (¢, F(t)p) € Tz »}
Dlc .= {(t,p) € R x R : (t, F(t)p) € De,p}
and
E;Z,Z(t) ={z € ]RZ (t,z) € 7;;2,2
Do) :={z € R : (t,7) € DS}
for allt € R.

For dim X = 1, the target 7;{%0 and the target disc Défg are sketched in Figure 3.2.
Because F is 20-periodic, we have

TIo(t + 2k©) = Tz 5(t)
Dé?g(t +2k0) = D, ,(t)

forallte R and all £ € Z.

Notation 3.2.10 According to Lemma 6.2.9 there is an é € (0,€*] such that for every
e € (0,€] there is a neighborhood W () C R of O such that for all p € X°¢(1) N W (¢)
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and all ¢ € Y°°(1) N W (€) we have

o(t,m,p,u") = FH(t)(t, 7, F(r)p,u") = F () pe(t, 7, F(1)p,u) for all t <,

Then, by Lemma 3.2.8, for every € € (0,€] there is a p*(e) such that for every p €
(0, p*(€)] and every T € R we have

Dé?f,(T) C Wie).

Vice versa there is a neighborhood V(¢) C X XY of 0 such that for all (z,y) € X(7) N
V(e) and all (¢',y') € V(1) NV () we have

pe(t,m, 2’y ul) = ot 7,2,y uh) = F)et, r, FHr) (', y),u") for allt <7,
pe(t, 7,7,y u) = p(t, 7,2,y u) = F)elt, 7, FH(1)(2',y'),u") for allt < 7.

The next proposition gives us an answer to the following question. If, for example, we
have a continuous curve c(t) € X'°¢(0) with lim; o c(t) = 0, is there a k € N and a time
t > 0 such that we have c(t) € p(—2k0©,0,7:,(0))? The result will be used in the next
chapter. The problem here is, that 7; ,(7) is a homeomorphic image of a sphere, which
lies on the topological manifold X'°¢(0). To see in general, if a homeomorphic image of
a sphere divides a space into two open and connected components is not trivial, which
can be seen at the example of the Jordan curve Theorem (cf. for example Engelking
and Sieklucki [13], Theorem 4.2.5). But in our case, we can solve this without using
algebraic topology.

Proposition 3.2.11 Let ¢ € (0,£],p € (0,p*(¢)],7 € R and let ¢ : [0,00) — R? be a
continuous curve with c(t) € XL°¢(7) for all t > 0 and limy_,o c(t) = 0. Then for every
Ky € N and for every Sy > 0 there is a time S > Sy and a k € N with k > Ky such that

c(S) € p(—2kO + 7,7,7; ,(7), uh).

Proof. For d = 1 the statement is true, because X'°¢(7) is a continuous curve.
Now let d > 2. By Lemma 6.2.9, there is a neighborhood W () C R? such that for
all p € X°¢(1) N W (e) we have

o(t, 7, p,ul) = F L)t 7, F(t)p,u") = F 1) pe(t, 7, F(r)p,u") for all t < 7.

Since limy_, o ¢(t) = 0 there is a ty > Sp such that ¢(t) € W(e) for all £ > £y. Define the
continuous function

d: [tg,00) = X x Y, t — H(r, F(t)c(t))-

Because c(t) € W (e) N XL°¢(7) for all ¢ > t, it follows that d(t) € X x {0} .
T, C X divides the space X into two open pathconnected subsets V; := {z € X :
|z|| < p} and V5 := {z € X : ||z|]| > p}. Thus is follows, that for every k € N,i = 1,2
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the sets vx (—2kO + 7,7,u")V; are open and pathconnected subsets of X which do not
intersect each other and 0 € vx(—2k© + 7,7,u")V; because vx(—2kO + 7, 7,u")0 = 0.
By relation (6.39) it follows, that there is a kg > K, ky € N such that for all & > kg

[vx (—2k0 + 7,7,uM)z|| < |ld(to)]| and
||VX(—2kG) + 7,7, uh)a:” <p for all z € V1 UT,.

This means, that d(ty) € v(—2ko® + 7, 7,u")V5. On the other hand, there is an a > 0
such that

HVX(—Qk@ + T, T,uh)xH > a for all z € Vo UT,,.

Because lim; ,, d(t) = 0 there is a time ¢; > o such that d(¢;) < a and it follows, that
d(ty) € pux(—2k0O + 7,7, uM) V1.
Now the continuous curve

f:lto, t1] = X, t — vx(r,—2k0O + 7,u™)d(t)

has the property, that f(¢y) € Vo and f(¢1) € V1. Thus there exists a time S € (tg, 1)
with f(S) = (z,0) € T,. We obtain

d(S) = vx(—2k0 + 7, 7,u) f(S)
= v(=2kO + 7, 7,u") (2,0)T € v(-2kO + 7, 7,uM)T),.

Because (z,0) € T, we have H™'(7,z,0) € T; ,(7) and we get p.(t, 7, H'(,2,0)) €
F(t)W (e) for all t < 7 by assumption. Thus we can lift these solutions of the restricted
system to the original system, which means that

F1(—2k0 + 1) o H_ Y (—2kO + 7,0(—2kO + 7, 7,u") (2, 0)T)
= o(—2kO + 7,7, F 1(—2kO© + 7) 0 H_ 1 (—2kO + 7, ,0),u").

By periodicity of F! and H we get

c(8) = FH(r) o H™H(7,d(S5))
= F 1 (—2kO + 7) o H- 1 (—2kO + 7,0(—2kO + 7,7, u")(2,0)T)
= o(—2kO + 7,7, F 1 (—2kO + 7) o H 1 (—2kO + 7, 3,0),u")
= p(=2kO + 7,7, F (1) o 7 (7, 2,0),u")
€ p(—2kO + 7,7, T,(7),u).
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3.3 Steering to the Target

In this section we show, that if we apply the solution map of the hyperbolic system (3.6)
to the target and go backwards in time, then the target shrinks in a uniform way towards
the singular point 0. Furthermore, if we start at a point close enough to the shrunk set
and follow the trajectory in positive time, then we get into a given neighborhood around
the target.

We first show this for the restricted system, and then lift this result to the hyperbolic
system (3.6).

Lemma 3.3.1 Let ¢ € (0,¢é],p € (0,p*(¢)]. For A,S > 0 there is a neighborhood
W C X XY of 0 such that for every open neighborhood V.C W of 0 we have:

(a) If T €R,(z,y) € Tz () then there is a kg € N with 2ky© > S such that for every
k > ko, k € N we have

pe(—2kO + 7, 7,2, y,ul) € V. (3.14)

(b) If there is (z',y') € V with Pe(1,2',y') = pe(—2kO + 7,7, 2,9, u"), then
pe(t, 7,2y u) € Ba(Xe<p(t)) NV (€)
for every t € [T,7 + 2kO] and
ue(2k0 + 71,7, x',y',uh) € BA(Tz,p(T)).
V(e) is defined as in Notation 3.2.10.

Proof. By Corollary 6.1.21 we have for all v € (f + KL,a — KL) the following

estimation
) Na(ta T, xla y,a uh) - Na(ta ﬁe (Ta xla y,)a uh) H

K(y—p)
=B _KL

9 |(2',y') — Pe(r,2',y")| forall t > 7.

From relation (6.17) and by choosing v € (8 + KL,0) we can find a neighborhood
W C V(e) of 0 such that for all (z',y') € W we have

|

According Corollary 6.1.19 for all 7 € R we have

pe (b, 72,y uh) — pe (¢, Pa(r, x',y'),uh)H <Aforallt>T. (3.15)

K(a—9)

oy RN i

ME(ta T,LE,y,’uh)H S
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for ally € (+ KL, — KL) and all (z,y) € X.(7). If we choose v € (0,5 — KL), we
see that for every neighborhood V' C W of 0 there is a time Sy(V)) > S such that for
every 7 € R, (z,y) € T:,(7) we have

pe(—t 4+ 7,7, 2,y,ul) € V for all t > Sy(V). (3.16)

Thus we have shown assertion (3.14)

Now choose kg € N with 2k0© > So(V). Let (z,y) € Tc,(7) and k& > ko with
pre(—2kO+7, 7, 2,y,u?) € V. C W and let (z,y') € V such that u.(—2kO+7, 7,2, y,u?) =
P.(1,2',y'). Because of relation (3.15) and V C W we get

pe(t, 7,2,y u") € Ba(Xe(t))

for all t > 7. With

~

pe(t, Pe(,2',9'), u ) pe(t, 7, Pe (T, x',y'),uh(—ZkG +-))

(t,

5(t — 2k1®, T — 2k®,Ps(T7 xla yl)7 uh)
(
(

o(t — 250, 7 — 2kO, po (1 — 2k0, 7, z,y, u"), u")
£ t— 2k®, T,Z,Y, uh)

W

w

u

it follows that . (t, P.(7,',y'),u") € V(e) for all t € [r, 7 + 2kO]. Finally from
L

pe (1 + 20, Pe (1,2, ¢/ ), ul) = pe (1, 7,2, y,u) = (2,y)

which means, that p.(7 +2k0,7,2',y',u") € BA(T; p(7)). ®

we get

pe(2kO + 77,24/, u") — (z,9)]| < A

Before proving the main result in this section, we need the following technical lemma.
Lemma 3.3.2 For every A > 0 there exists a A > 0 with
B (X:(7)) C F(1)Ba(XY¢(7)) for all T € R.
Proof. Note that for (z,y) € X.(7) we have
“Hr)(z,y) € X(7).
(

Then with A < it follows for (z,y) € X:(7) and («/,y') € Bx(z,v)

II}" 7111

|77 ) (@,9) = FH ) )| < 1F7H] @) — ()] < A

After proving the result for the restricted system, we now consider the hyperbolic
system (3.6).
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() ()

Figure 3.3: Local behavior of the hyperbolic system.

Proposition 3.3.3 Let € € (0,¢],p € (0,p*(¢)]. For A,T > 0 there is a neighborhood
W :=W(A,T,¢e,p) CR? of 0 such that

(a) For every T € R,q € T'%¢(7) there is a ko € N with 2ko© > T such that for every
k> ko, k € N we have

o(—2kO© + 7,7, q,uh) e w.

(b) If p € W and PY(1,p) = o(—2kO + 7,7,q,u"), then
o(t,7,p,u") € Ba(X(t))
for every t € [t,7 + 2kO] and
©(2kO + 7,7, p,ul) € BA(TE{‘;,C(T)).
For an illustration of this result in the case dim X =1 consider Figure 3.3.
Proof. According to Lemma 3.3.2 there is a A > 0 with
Bx(X.(1)) C F(1)Ba(X!¢(7)) for all T € R. (3.17)

By Lemma 3.3.1 there exists a neighborhood W C X xY of 0 such that for every open
neighborhood V' C X x Y of 0 with V' C W we have: For every (z,y) € 7¢ ,(7) there is
a ko € N with 2kg©® > T such that for every k > ko, kK € N we have

ME(_2]€® + T, T, %,Y, uh) ev.
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Furthermore, if (¢/,y') € V and P.(r,2,y') = (#,y), then

pe(t, 7,2’y ul) € Bx(X:(t)) NV (e) for every t € [1,7 + 2k0O),
e (2O + T, T,x',y',u ) € BA(Te,p(7))-

Now for such a V there is a neighborhood W C W (¢) C R?% of 0 with
W C MyerF L (#)V C RY
and there is a neighborhood Vo C W of 0 such that
Vo C NierF (W

Let g € 7;}"‘3(7') and define (z,y) := F(7)q € T,(7). Then there is a ky € N with 2k)© >
T such that for every k > kg, k € N we have u,(—2k© + 7,7, z,y,u") € Vy. Because of
Ms(ta Taway7uh) € V(E:') for every ¢ < 7, we get QD(ta Taqauh) = ‘F_l(t)lj‘!:‘(ta’raxay’uh) for
every t < 7. Hence
0(—2kO + 7,7, q,u") = F7H(=2kO + 1) (—2kO + 7,7, 2, y, u")
e F Y )V, Cc W.
For p € W with PY¢(1,p) = ¢(—2kO + 7,7,q,u") we define (z ,y) = F(r)p € V
with P, (7, z',y') = pu:(—2kO + 7,7, z,y,u"). Because u.(t,7,z',y',u") € V(e) we get
o(t,7,q,ul) = F 1 (t)uc(t,7,2', 9, ul) for every t € [r, 7 + 2kO]. With (3.17) we obtain
o(t,7,p,u") = F (B)pe(t, 72,y uh) € F (1) (B (A:(2))
C FH(t)F(t)Ba(XL(t)) = Ba(XL(t))-

for every t € [1,7 + 2k©] and finally
©(2kO© + 1,7, p, uh) = .7-"71(2k® + T)pe (260 + 7,7, 2, y,uh))
€ FH(r)Bx(Tz,p(7))) C Ba(T% (7).

3.4 Adjusting the neighborhoods

Before we start with the construction of the control function as explained in Section 3.1,
we have to fix the neighborhoods which result from the linearization of the nonlinear
control system. Only in these neighborhoods we are able to characterize the nonlinear
system.

First we choose an ¢ € (0, €], which means that there is a neighborhood W (¢) C R?
of 0 such that for all p € X!°°(1) N W (€) and all g € Y!°¢(7) N W (¢) we have

(t, 7, q,u") = FH )y (t, 7, F(1)g,ut) = F~H(t)pe (t, 7, F(7)g, u") for all ¢ > 7,
(3.18)
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according to Lemma 6.2.9. Note that the system
m
& = fo(z) + ) ui(t)fi(z) (3.19)
i=1
(which we call the stable system) is locally asymptotically stable (cf. Lemma 6.2.10).
Thus we can choose a neighborhood V* C R¢ of 0 such that
VECWie)
and an open neighborhood W* C R? of 0, such that for all p € W* we have
o(t,0,p,u’) € V° for all t > 0 and tlim o(t,0,p,u’) = 0. (3.20)
—00
By Notation 3.2.10 there is a p := p(e, W*) € (0, p*(¢)) such that
Dl(t) C W for all p € (0,p) and all t € R. (3.21)
Thus for all p € (0, ) we obtain
T C WS CVF C W(e) for all t € R. (3.22)
Furthermore, we assume that the nonlinear control system is locally accessible on

R\ {0}.

3.5 The Construction of the Control Function

Now we accomplish the construction of the control function. As mentioned in Section
3.1, the idea is to switch between u® and u”. We do this in such a way, that the
corresponding trajectory gets closer and closer to the target, if we steer the system away
form the singular point 0. On the other hand, we steer the trajectory each time closer
to the singular point 0, if we apply u®.

We fix 7 € Re € (0,€], W* C R? and p € (0, 5).
First we choose a sequence (4;);eny C RT with lim;_,00 §; = 0 and
Bs,(DY(t)) C W* for alli € Nt € R,
which is possible because of relation (3.21).

According to Proposition 3.3.3 there exists a sequence (0;)jeny C RT with lim; o0 03 =
0, such that we have: For every 7 € R,q € 7'51,‘;,0(7') there is a Ky € N with 2K,0 > 2
such that for every k > Ky, k € N we have o(—2kO +7,7,¢,u") € B,,(0). Furthermore,
if p € B,,(0) and P¢(7,p) = o(—2kO + 7,7,q,u"), then

o(t, 7, p,u) € Bs, ., (Xloc(t)) for every ¢ € [r, T + 2kO] and
©(2kO + 1,7, p, uh) € Bs,,, (7;{%6(7)).
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For the construction of our trajectory we
start at an arbitrary point p:=p_1 € 7;{%6(7').

Now we define the control function recursively, by counting the variable . We start with
i=0.
Step 0: 3
e Since p € W* there is a time ATy with
©(t,0,p,u’) € By, (0) for all t > ATy.

Compare Figure 3.4 (a), where we set ¢ = 0.A
Now there are two cases:

e First case: For all t > ATy we have PY°(r,¢(t,0,p,u®)) # 0. For this case
consider Figure 3.4 (b). We obtain

©(t,0,p,u’) ¢ yﬁ‘w(r) for all t > ATy,

because Pl¢(1,q) = 0 iff ¢ € Yo¢(r
Plo¢ is continuous and PY¢(1,0) = 0. Thus, by lim; o @(t,0,p,u®) = 0 it follows
that lim;_, o, PL°(7, (t,0,p,u®)) = 0. Note, that by relation (3.22) we can apply Propo-
sition 3.2.11 and we get, that there is kg € N with 2ky© > 20 and ATy > ATy, qo €
T29¢(0) with
PLc(r, (AT, 0,p,u’)) = p(—2ke®© + 7,7, qo, ul).

Define

bo ‘= p1 = QD(ATOaOapa us)a

AT :=0 and
ug € U arbitrary.

This completes the first case.A

e Second case: There is a ATy > ATy such that Péf;(’r, ©(ATy,0,p,u’)) = 0.
For this case consider Figure 3.4 (¢). Then we define

Do = QD(ATOa 0,p,’U,s)

with po € Y°¢(1). Since we assumed local accessibility on R? \ {0}, there is a control
function ug € U and a time 0 < AT} < 1, such that

©(t,0,po, ug) € By, (0) for all ¢ € [0, AT}] and
@(AT1,0,po,u) ¢ Yo(7).
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Then there is an interval [ag, by] C [0, AT}] with

(‘P(G’anaplauO) € yéOC(T) and
©(t,0,p1,u0) ¢ Y'°(r) for all t € (ag, by]-

Because ¢(ag, 0, p1,ug) € V(1) we have
PL(7, (a0, 7, p1,u0)) =0,
and because ¢(t,0,p1,ug) ¢ V(1) we get
PLc(1, p(t,0,p1,up)) € X¢(7) \ {0} for all ¢ € (ag, bo).

We apply Proposition 3.2.11 which yields a kg € N such that 2k,© > 2° and ¢ € 7;1,‘,’30(7'),
AT € ((I,o,bo] with

,Péoc(Ta QD(ATla 0, po, UO)) = <P(_2k0® + 7,7, qo, uh)'
Define
p1 = (P(ATla 07p07 U,()),

which completes the second case.A

e Now in both cases, we stopped with a point p; € B,,(0) and ¢y € 7;{‘;,‘:(7) with
PL(1,p1) = ©(—2ko® + 7,7, qo, u").
Consider Figure 3.4 (d). Define
AT, := 2ky© and
p2 = @(ATy + 7,7, p1,u") = (AT, 0,p1,u (7 +-))
By construction we have
p2 € By, (7;{(;)8(7'))-
This is the end of Step 0.A

We define the times AT;, the points p; and the controls u; € U for i = 1,2,...
recursively.

Step i:

Consider Figure 3.1. }

e By construction, we have p3j_1 € B, (T %(7)). Then there is a time ATy; > 2°
with

o(t,0,p3i—1,u’) € Bgi(O) for all ¢ > ATgi.
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Figure 3.4: Illustration of the construction steps.
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Consider Figure 3.4 (a).A
Now there are again two cases:

e First case: For all t > ATs; we have PP(r, p(t,0,p3i 1,u®)) # 0.

For this case consider Figure 3.4 (b). Then we have o(t,0,psi—1,u®) ¢ Y'¢(7) for
all t > ATs;, and limy_, o Ploc(,0(t,0,p3i1,u*)) = 0. Thus by Proposition 3.2.11 it
follows, that there is a k; € N with 2k;0 > 2! and ATy; > ATy, q; € 72‘;,6(7') such that

PLoc(r, p(ATsi,0,p3i—1,u)) = o(—2k;0 + 7,7, @i, u™).
Define

P3i = p3i+1 = P(AT34,0,p3i-1,u),
ATzi41 :=0,
and u; € Y arbitrarily.

This completes the first case.A

e Second case: There is a ATs; > ATs; such that Ploc(1,p(ATs;,0,p3i-1,u°)) = 0.
For this case consider Figure 3.4 (c¢).Then we define

p3i = @(AT34,0,p3-1,u’)

with p3; € Y°(7). Since we assumed local accessibility on R? \ {0} there is a control
function u; € U and a time 0 < AT3;11 < 27%, such that

©(t,0,ps3i,u;) € By, (0) for all ¢ € [0, ATng] and
Q(ATsi41,0,p3i,u5) & V(7).
Then there is an interval [a;, b;] C [0, AT3:41] with

p(ai, 0, p3i, u;) € V() and
o(t,0,psi,u;) & Yoo(r) for all t € (a;,bi).

Because ¢(a;, 0, p3;, u;) € V(1) we have
,PZ:OC(Ta So(aia 07p3i7 ul)) = 07
and because ¢(t,0, p3;, u;) & V(1) we get for all ¢ € (a;, bj]
’Péoc(Ta (P(ta 0, p3i, ul)) € Xsloc(T) \ {O}

Thus, according to Proposition 3.2.11, there is a k; € N with 2k;0 > 2¢ and ¢; €
El,%C(T)aAT?,z’H € (a;, b;] such that

PLc(t, p(ATsi41,0, p3i, ui)) = @(—2ki0 + 7,7, g5, u™).
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Define

P3i+1 = @(AT3i41,P3i, U;).

This completes the second case.A

e Now in both cases, we stopped with a point p3i11 € B,,(0) N X°°(7) and a ¢; €
72‘;,6(7') such that
PL(7,p3it1) = p(—2ki© + 7,7, s, ul).
Consider Figure 3.4 (d). Define
ATsi49 := 2k;0 and
p3ite = ©(ATsipo + 7,7, p3i41,u") = @(ATsi12,0,pgiy1, u (7 +-)).

By construction, psiio € Bs,,, (T25(ATsi42 + 7)) = By, (T2%¢(7)). This is the end of
step 7, and the same procedure starts again with Step ¢ + 1.A

We define
i
T, = ZATk
k=0
and the function u : R -U by

0 for ¢ < 0,

) ut(t —T3i-1) for t € [T3;_1,T3;),

ult) =93 -1y f Tyi, Tsi

Uz(t 31) orte [ 3iy 32+1),

u(t+ 71— Tyip1) for t € [Taip1, Trita),
fori=0,1,2,... and T" 1 := 0.
Remark 3.5.1 The function u depends on the chosen constants €,p. In the con-
struction process above, we started with a fized time 7 € R, and have chosen a point
pE 7?3,6(7). Therefore all the times AT; and the control functions u; depend on 7,p, €

and p. For indicating this, we will denote u by Ueprp. But ue,rp 95 DOt uniquely
determined by €, p, 7 and p, because we may choose the ATs; as large as we want.

Remark 3.5.2 By local uniqueness of the unstable and stable fibre bundles (see Propo-
sition 6.2.11) it follows, that for a given e € (0,é] there is a neighborhood W C R such
that for every €' € [e, €] we have

Xleotynw = xXPet)nw
Yoy nw = Ye(t) N Ww.

Thus if we chose VS C W (e)NW and W*, p, p as in Section 3.4, the construction of the
control function u. ,r, stays valid with the same times AT; if we replace Xloc by Xgl,"c
and ygoc by yéf’c. Thus we may conclude

Ue,p,rp = Ue p,7,p-
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3.6 The Limit Set

We want to apply Proposition 1.1.21 to get the existence of a control set with nonvoid
interior. The proposition demands the existence of a compact subset of & x R? which
has nonvoid intersection with the w-limit set w(u, z), on which two inner pair conditions
are satisfied.

If we take a pair (u*,p*) € w(u,p), then for every —oo < T1 < Ty < oo the set

{@:(u”,p") : t € [T1, T2}

is a compact subset of w(u,p). This will be used in the next section to prove the
Existence Theorem 3.7.1 for control sets near the singular point z* = 0.
Here we show that the w-limit set has nonvoid intersection with the target 72‘;,‘3(7).

Theorem 3.6.1 Let 7 € Rp € 723)0(7') and let u = U prp € U be constructed as in
Section 3.5. Then there is a p* € 72‘;,0(7) C X!¢(1) such that

{@r(u(-,7),p%) : T €R} Cw(u,p)

where u* : R x R — U is defined by
* ] ut(t) fort >0,
wi(t,m) = { ub(t+7) fort <O.

Proof. Fix 7 € R and for abbreviation write v*(-) := u*(-, 7). First we show, that

lim O7,, ,u=u".

k—o0
For that purpose, remember that U is supplied with the weak*-topology of Ly (R, R™).
Let W C U be a neighborhood of u*. Then there exists a ¢ > 0 and ¢1,... ,9, €
LY (R,R™) such that

o0 my UR *(t) — ) dt| <o
{UEL (R, R™) - forj=1,...,n, and'u()EU,VtE]R cw, (3.23)

because the sets of this form are a subbasis of the weak*-topology (cf. for example
Dunford and Schwartz [12]). We show, that for all g € L*(R,R™) and all o > 0 there is
a N € N with

/ (W () — Oz, ult), g (1)) dt‘ <oforall k> N.
R

Then it follows that 67, u is an element of the set on the left hand side of (3.23) and
hence 07, u € W for all k € N big enough.
So let g € L*(R,R™) and o > 0. Then there exists a time 7 > 0 with

g

/]R\[—T,T] |g(t)| dt < 2d1amU
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Furthermore, because AT3; > 2% and ATy;_; > 2% for all k € N by construction of the
control function u € U, there exists a N € N with

ATs,_1 > T and
ATs, > T for all £ > N.

This guarantees, that

u(t + Ts—1) = u®(t) for all t € [0,T] and
u(t + Tsp_1) = ul(t +7) for all t € [-T,0].

Then we get

/R (u(t + Tsp—1) —u*(t),g(t)) dt‘

<

/_ (u(t + Tak—1) —u*(t), (1)) dt‘ +

[ e+ T - w900

< / (w(t + Tap—1) —u™(t), 9(¢)) dt| + / (u(t + Tae—1) —u™(t), 9(¢)) dt
R-\[-T,0] R+\[0,T]

+ / (ult + Typ_) — u*(£), g(8)) dt| + / (ult + Topr) — u* (), g (1)) dt
[—T,0] [0,T7]

<o+ +

/[_T 0 <“h(t +7) —u'(), g(t)> dt

/ () — u(t), g(£)) dt
[0,T7]

=o.
By construction we have for all k € N
¢(T3k-1,0,p,u) € By, ., (T2%(1)).
Since 7'5{‘;,6(7) is compact, there exists a subsequence (T3,);en With
p*i= l]_l)r& o(Ts5,-1,0,p,u) € 72?,0(7').

Thus it follows, that (u*, p*) € w(u, p). Because w(u, p) is invariant (cf. Corollary 1.1.16),
the assertion follows. m

Remark 3.6.2 The point p* is not uniquely defined. As one sees in the proof, p* is
only given by some convergent subsequence of (¢(T3x—1,0,p,u))keN-

3.7 The Existence Theorem

After having made the construction of the control set u € U in Section 3.5 and the
characterization of the w-limit set, we finally use this to prove the following existence
theorem.
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Theorem 3.7.1 Consider the nonlinear control system

z = fo (5’7)"_2:’;1“1 (t) fz(.’L‘) (3 24)
ueU={u:R—>R" u(t) €U for a.a. t € R locally integrable} )

where U is a compact and convex subset of R™ and fo,... , fm are C? vector fields on
R¢. We assume, that following properties are satisfied.

(1) The nonlinear control system (3.24) has one singular point z* = 0 € R?, and (3.24)
is Lie-determined such that R? \ {0} and {0} are mazimal integral manifolds.

(2) There are periodic control functions u" and u® € U such that the associated Lya-
punov exponents of the linearized systems have the following properties

0 >AT>... 2 ) and
A> 0 >A> 0 >A > >N for1<k<d

Then define é as in Notation 3.2.10, choose ¢ € (0,€] and denote by Xl°¢, Yloc
the corresponding local unstable and stable fibre bundle of the differential equation
(3.24) corresponding to u®.

Moreover, suppose that one of the following two conditions are satisfied:

(8a) There is a neighborhood V. C Re of z* such that for every t € R and every z €
Xlc(tyNV \ {z*} the pair (u(t+ -),z) is a strong inner pair.

(3b) There is a neighborhood W C R of z* such that for every t € R and every
z € W\ {z*} the pair (u*(t +-),z) is a strong inner pair.

If (3a) is satisfied, then for every T € R there exists a control set D, C R® with
nonvoid interior and a p; € X°(7) NV \ {z*} with

{o(t,0,p,,u(T +-)) : t < 0} C int D,.

In particular we have * € cl D;. If in addition all the pairs {(u®(t+-), p(t,0,pr,u’)),t >
0} are strong inner pairs, then we also have

{(t,0,pr,u’) : t > 0} C int D;.

If (3b) is satisfied, then for every T € R there exists a control set D, C R* with
nonvoid interior and a p, € X¢(1,u?) NV \ {z*} with

{(t,0,pr,u’) : t > 0} C int D;.

In particular we have x* € cl D,. If in addition all the pairs {(u®(t+7+-), ¢ (t,0, p;, uP(T+
)),t < 0} are strong inner pairs, then we also have

{o(t,0,pr,ul (1 +-)) : + < 0} C int D,.
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Proof. Choose ¢ € (0,€] and V* C W (e) as in Section 3.4 such that V¥ C V. Next
choose the open neighborhood W?* C V* of 0 with (3.20) and define p = p(e, W*¥) as in
Section 3.4. Then for p € (0, p] we can construct the control function u as in Section 3.5
f;)lr a given p € 72‘;)0(7-). By applying Theorem 3.6.1 we find a point p* € 7;{700(7) such
that

{@:(u”,p") : 1 € R} C w(u,p)
where u* : R — U is defined by

sy . | wi(2) for t > 0,
w(t) = { uP(t+71) fort <O0.

Note that for every —oo < T1 < T5 < oo the sets
{®y(u*,p*) 1 t € [T1,T]} CU X R4

are compact.

Now suppose that (3a) is fulfilled. Then choose —oco < Tj) < 0 arbitrarily and a o > 0
such that Ty 4+ 0 < 0. Both &7, (u*,p*) and &7, ,(u*,p*) are compact subsets of U x R?
and are strong inner pairs by assumption, because ¢(t,0,p*, u?(r +-)) € VS Cc W(e)NV
for all t < 0. Thus by applying Proposition 1.1.21 we find a control set D C R¢ with
nonvoid interior and

<p(T0,O,p*,uh(T ++)) C int D.

We show, that ¢(t,0,p*,u(7 +-)) € int D for all t < 0. Choose —o0 < Ty < Ty < 0 and
o > 0 with Ty € [T1,T»]. Then by applying Propositions 1.1.21 again, we find a control
set D C R* with {p(t,0,p*,u(r +-)) : t € [T}, T5]} C int D. On the other hand, since
©(Ty,0,p*,ul (1 +)) C int D we have D N D # (). By the maximality property of the
control sets (cf. Definition 1.1.5 (ii)) we get D = D.

Next we suppose, that all the pairs {(u*(t+-), ©(t,0,p;,u’)),t > 0} are strong inner
pairs. By choosing now 75 > 0, we again get by applying Proposition 1.1.21 that there
is a control set D C R% with {e(t,0,p*,u*) : t € [Tp,T1]} C int D. By maximality of
control sets we finally obtain D = D.

The proof for (3b) works in the same way. =

Remark 3.7.2 Note, that the control set D, is not unique for a given 7 € R. The
point p* € '7;{‘;,“(7') in the proof, which we get by the construction in Theorem 3.6.1, is
not specified any further (cf. Remark 3.6.2). In the case where dim Xgl?; =1, the target
'72‘;6(7') consist of only two points, and thus the control sets D, can be described in more
detail. This will be done in the Chapter 4.

Figure 3.5 illustrates the result of the Theorem 3.7.1. If we assume here (for better
illustration), that dim X!°¢ = 1, then for a given 7 € R, the fibre X"¢(7) is just a
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Xg]oc (T)

@(1,0,p,, U'(t+2))

¢(t.0.p,, ')

Figure 3.5: Illustration of the Existence Theorem

continuous curve in R? through 0. We assume here, that the conditions (3a) and (3b)
of the Theorem 3.7.1 are fulfilled. Now the result of the Theorem is, that we can find a
point p, on the local unstable fibre bundle, such that if we apply the control function
u*(-,7) (defined as in Theorem 3.6.1), then the corresponding trajectory lies in the
interior of a control set D,.

Note that we stated the Theorem without using the target 7;{‘;,0. But it is clear,
that for every p > 0 small enough, we get a corresponding control set D, , with 7?,‘;,‘:(7'
)N D, , # 0. The trajectory ¢(t,0,pr,u*(-,7)) seems to jump out of the local unstable
fibre bundle X¢(7) for t < 0. This is due to the fact, that we have drawn here only the
fibre X'¢(7) for a given 7 € R. For all ¢ < 0 we have

@(t,0,pr,u" (-, 7)) = @(t, 0, pr, u (1 +))
= p(t+7,7,pr,u") € Xt + 7).
Because X'°¢(t) is 20-periodic, we get for all k € N
<P(_2k® + T, T,Pr) uh) € Xgoc(_QkG + T) = Xgoc(’r)'

This explains the jumps. o(t,0,p,,u"(7 + -)) is an element of X'°¢(t + 7) but we have
drawn here only X'°¢(7). Thus for all £ € N the trajectory o(—2k© + 7,7, p,, u") hits
X'°¢(7) and for all other times it does not have to lie on X!°¢(7).



Chapter 4

The Onedimensional Case

In the previous section we assumed, that our nonlinear control system has a periodic
control function u”, such that the Lyapunov exponents A2, ... ,)\Z of the corresponding
linearized system fulfill

M> L >Mso0>M > . >N forane {1,...,d—1}.

T

Now in this chapter we suppose, that n =1, i.e.
M>0>M>. >0 (4.1)

which we call the onedimensional case. If one considers the differential equation

m

T = fo(:l?) + Zuﬁ(t)fu(m)

i=1

then the fibres of the local unstable fibre bundle X°¢ are onedimensional, i.e. they are
continuous curves in R?. The fibres of the local stable fibre bundles J!¢ are (topological)
hyperplanes. The perturbed Duffing-van der Pol oscillator, which will be analyzed in
Section 5.1, is an example for a system satisfying property (4.1).

For every 7 € R, the fibre X°°(7) of the unstable fibre bundle can be represented
by two curves, which emerge from the singular point. By Theorem 3.7.1 of the previous
section, we get the existence of one control set, where a subset of one of the two curves
lies in its interior. Now the question arises, if there is also a control set with nonvoid
interior which intersects the other curve. The answer to this question is yes and will be
given in Theorem 4.1.12. As in the previous section, it relies on the construction of a
control function u € U, but the construction here is different from the construction in
Section 3.5. Here we will use the fact, that the fibres Y!°°(7) of the (local) stable fibre
bundle divide the state space into two disjoint subsets.

If the Lyapunov spectrum of the linearized system has the property

Yy = Bry(V1) ® Bry(Ve) with

0 € int 1, (V1) and Sz, (V) C R~ (4.2)

75
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where U x R% =V, @ Vs, for two invariant subbundles V; and Vs, with
dimV; =1 (4.3)

then condition (4.1) is satisfied not only for one control function. In fact, we can find
infinitely many of such control functions. For each of them we obtain the existence of
two corresponding control sets. We will analyze, how these control sets, which belong
to different u” are related to each other (cf. Theorem 4.2.5). Here we will again use the
idea of constructing an appropriate control function u € U.

Finally we investigate the relation between the control sets of the nonlinear control
system near the singular point and the control sets of the linearized system. We consider
a special case, where in addition to (4.2) and (4.3) we also assume, that

Ery(V1) NEry(V2) = 0.

Then the linearized control system exhibits two control sets, which are cones in R%. It
turns out, that the control sets of the nonlinear system are close in a Lipschitz sense to
the control sets of the linearized system (Theorem 4.3.5).

4.1 The Basic Construction Idea

In this section we will introduce some notations and the basic construction idea, which
will be used in this chapter. We show, that if the dimension of the unstable fibre bundles
is one, then we get two control sets, which have nonvoid intersection with the unstable
fibre bundles.

4.1.1 Preliminaries

We consider the nonlinear control system on R¢

&= fo(x) + >0 ui (t) fiz) (4.4)
ueU={u:R—R" u(t) € U for a.a t € R locally integrable}, '

where U is a compact and convex subset of R™ and fy, ... , fm are C? vector fields on
R?. Furthermore, suppose that for all (u,z) € U x R? the equation (4.4) has a unique
solution ¢(t,7,z,u),t, 7 € R, with ¢(r,7,z,u) = z.

We suppose, that the system (4.4) has the singular point z* = 0 € R?. Note that
the assumption z* = 0 is no restriction. If our control affine system has a singular point
z* # 0 we can transform the control system by an affine transformation into a control
affine system with 0 as singular point. The assumption z* = 0 is made here only for
notational convenience.

Associated with the nonlinear system (4.4) is the bilinear control system on R¢:

T = Aoz + Zﬁl ui(t)Ai:C

vueEU={u:R - R"™ u(t) € U for a.a. t € R, locally integrable} (4.5)
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where A; := % K We denote the fundamental solution of (4.5) for u € U by n(t, 7, u),
r=

with n(r, 7,u)z = =, where 7, € R,z € R%.
For the rest of this section, we suppose, that the following conditions are fulfilled.

Condition 4.1.1 We assume, that there are two periodic control functions u®,u® € U
with the following properties:

(a) The control function u” has period © > 0 and the Lyapunov ezponents )\’f, . ,/\Z
of the corresponding linear system

m
T = Aoz + Z ul(t) Az
i=1

have the property

M>0>A > >0 (4.6)

(b) For the control function u® the corresponding linear system
m
T = Az + Z ui (t) Az
i=1

has the Lyapunov exponents Aj,... , A with the property

0> A >A> ... >\, (4.7)

We call u" the hyperbolic control function and u® the stable control function .

The superscript ? indicates hyperbolic and the superscript ® indicates stable as in
the previous chapter.

If we apply to the nonlinear differential equation

m

&= fo(z)+ Z uy (t) fi(x) (4.8)

i=1
the same reduction process as in Section 3.2, we get the reduced system

& =Az+ F(t,z,y)

. - 4.9

on X xY. Thus by the choice of ¢* as in 3.2.1, the reduced system (4.9) has an unstable
fibre bundle X, and a stable fibre bundle ). for ¢ € (0,¢*] and the hyperbolic system
(4.8) has local unstable and stable fibre bundles x!°¢, ylec,

We suppose that the following condition is fulfilled.
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Condition 4.1.2 The nonlinear control system (4.4) is locally accessible on R% \ {0},
and there is a neighborhood V. C R? such that for all e € (0,é],t € R and all z €
Yet) NV the pair (ul,z) is a strong inner pair.

The reason for the strong inner pair condition is, that we want to steer trajectories
away from the stable fibre bundle Y°c.

The basic idea in Section 3.5 was to construct a control function u by switching
between u" and u® such that {p(t,0,p,u) : t > 0} is bounded for a given p € X°¢().
Thus we got a point p* € 72‘,’,0(7') and a control function u*, defined by

s | ut(2) for t > 0,
u (1) ._{ S ttzo

such that
{o(t,0,p*,u*) : t € R} C int D.

Because dim X = 1 the fibre X'°°(7) is a continuous curve for every 7 € R and the
target consists of two points

7;{‘;)6(:*,) ={z € Rz € .7-"(t)7-£_1(t, T,)}
= ps,p,>(t) U ps,p,<(t)

with two continuous and 20-periodic curves p ps., Pe p < : R—R% and pe p  (t), e p < (t) €
Xlo¢(t). The construction of the control function u in Section 3.5 does not specify, if

p* = pf,p,> (T) or p* = ps,p,<(7')-

We will now explain how we modify the construction of the control function u, such
that we can guarantee, that p* = p, , (7). A similar modification on u guarantees, that
p* = p579’<(7-)'

We have to introduce the following notation (cf. Figure 4.1).

Definition 4.1.3 For ¢ € (0,&*| define for the reduced system (3.11)

Xes ={(t,z,y) € X XY :2>w, (t,y)},
XE,Z = Xs,> U,
Xeo ={(t,z,y) e X xY 1z <w;(t,9)},
Xe,g = Ag < U,

and for the nonlinear system (4.4)
X% = {(t,p) € RxR: (t, F(t)p) € X.5},
Xé?ﬁ = Xs,> U ysa
Xl¢ = {(t,p) € R x R: (¢, F(t)p) € X. <},
Xgl,o; = Ag < U ys-
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Yo

p(t)

loc

A, (1)

A

Figure 4.1: Sketch of the sets Xéf’; and Xsl,"é

Note that for each ¢t € R we get a partition of X x Y into X > (%), X; <(¢) and Y:(?)
and a partition of R? into X% (), X1°¢(t) and Y¢(t). In addition X%, X% and Yl
are connected subsets of RxR?, which are pairwise disjoint.

We choose and fix € € (0,€] and p € (0, p] and denote for abbreviation by p (t) the
curve with ps(t) € X% n El,%c(t). We choose ps (7) as starting point for a 7 € R. The
strategy is now to construct a control function u~ such that

Q(t,7,p5(1),us) € X%(t) for all t > 7.

If we consider the construction of the control function as in Section 3.5, we can divide
it into two parts. In the first part we steer with the stable control function u® from a
point near the target towards the origin, and in the second part we steer away from the
origin with »”. Here in this section, we also steer the trajectory with u* from a point p
near p~ (7) towards the origin. But now there are two cases.

If the trajectory o(t, 0, p,u*) does not hit the (local) stable fibre bundle Y!°¢(7), then
o(t,0,p,u’) € Xé?ﬁ (7) for all £ > 0. Thus by switching to u” we get near p~(7) (cf.
Figure 4.2 (a)).

If the trajectory ¢(t,0,p,u®) hits the stable fibre Y!°¢(7) at some time 7' > 0, then
it may happen, that ¢(t,0,p,u’) € Xg?ﬁ(r) for all ¢ > T (cf. Figure 4.2 (b)). Thus if
©(T,0,p,u®) € Y¢(r), then we apply the control function u” to steer the trajectory
towards the origin. Since we assumed, that (u”,z) are strong inner pairs for all (u", z)
with € V N Y°(7), we can steer the trajectory into Xslf’ﬁ(T) Finally we steer the
trajectory with u” towards p (7).
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(b)

Figure 4.2: Construction idea of the control function u-.
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4.1.2 The Construction of the Control Function

We now construct the control function us such that p. ,~(7) € mga(wW(us,Pep,>(7)))-

First we adjust the neighborhoods as in Section 3.4. For the definition of ¢ see No-
tation 3.2.10. We choose and fix an € € (0, €], which means that there is a neighborhood
W (e) C R? of 0 such that for all p € X'°¢(7) "W (e) and all ¢ € Y°¢(7) N W (g) we have

o(t, 7,p,ul) = FH () (t, 7, F(r)p,u") = FH({t) pe(t, 7, F(7)p,ul) for all t < 7,
(4.10)

according to Lemma, 6.2.9.
Note that the system

&= fo(z) + ) ui(t)fi(z) (4.11)

i=1

is locally asymptotically stable (cf. Lemma 6.2.10). Thus we can choose a neighborhood
V# C R? of 0 such that

ViC W(e)
and an open neighborhood W* C R? of 0, such that for all p € W* we have
o(t,0,p,u’) € V¥ for all t > 0 and tliglo o(t,0,p,u’) = 0. (4.12)
By Notation 3.2.10 there is a p := p(e, W*) € (0, p*(g)) such that
DL%(t) C W* for all p € (0,p) and all £ € R. (4.13)
Thus for all p € (0, 5) we have
T%t) C WS CV* C W(e) for all t € R. (4.14)
We choose and fix p € (0, p). For abbreviation we write ps :=p. ,~ and p< :=pe p <.
Next we choose a sequence (§;)jeny C RT with lim; o §; = 0 and
By, (DY) c W* forall i e N;t € R
and
Bs;(p>(7)) N By, (p<(7)) =0
which is possible because of relation (4.14).

According to Proposition 3.3.3 there exists a sequence (0;);eny C R with lim; o 0; =
0, such that we have:
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For every T € R, q € 7;{‘;)‘:(7) there is a K; € N with
2K,;0 > 2

such that for every k > K;, k € N we have ¢(—2kO + 7,7, q,u") € B,,(0). Furthermore,
if p € B,,(0) and P¢(7,p) = o(—2kO + 7,7,q,u"), then

©(t,7,p,u") € By, (X¢(t)) for every t € [r,7 + 2kO], and (4.15)
90(2]‘:@ +7,7,D, uh) € B5i+1 (7;l,opc(7.)) = B¢5¢+1 (p>(7')) U B5i+1 (p> (T)) )
We construct the control function u~ by starting at
p:=p_1:=p>(7) € TEl,opc(T), (4.16)

which is by assumption an element of X% (7).

Step 0, Part A:
There are ATy > 0 and ATy, ATy > 0 and a control function ug € U such that

Do = QD(AT()aOapa us) € Xé?ﬁ(’l’)
b1 = (P(ATla O,pOa uh) € BUO (O) N Xsljjg(’r)
pg 1= (p(ATQ, O,pl, ’U/()) € Ba’o (0) N Xsloﬁ (T)

with
PL(7,p2) = p(=2k0© + 7,7, ps (1), ul).
Proof. There are two cases: either
o(t,0,p,u’) € X%(7) for all t > 0

or there is a time ATy > 0 with

©(ATy,0,p,u’) € yﬁ"c(r) and
(t,0,p,u’) € X% (7) for all 0 < t < ATy,

o If we are in the first case, by p € W* there exists a time ATy > 1 with
©(t,0,p,u’) € By (0) N X% (7) for all t > ATy,
Since the projection mapping PX¢ is continuous with P¢(7,0) = 0 and because
li %) =
Jlim (t,0,p,u”) =0,

we get limy oo PLO°(T, ¢(t,0,p,u%)) = 0. Note, that by relation (4.14) we can apply
Proposition 3.2.11 and from (4.15), we get a kg € N with £y > Kj and

ATy > ATy, qo € T25(7)
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with
PLoc(1, p(ATy, 0,p,u®)) = o(—2ke® + 7,7, g0, u").
On the other hand since (AT, 0,p,u®) € X% (1) we have gy = p> (1) = p. We define

Do = p1i=p2 = (p(AT(),O,p,US) and
AT := AT, :=0,

and choose a function uy € U arbitrarily.
e In the second case we define

Do = QD(ATOa Oapa us)'

Because pg € Yboe(r) there is a time AT, > 0 such that o(t + 7,7, po, ul) € By, (0) for
all ¢t > AT;. Now choose AT} > AT such that

AT, = 2[p0 for a lp € N.
Thus
p1 = (AT + 7,7,p0,u") = 9(AT1,0,pg, u" (T + -))

and by periodicity of Y2¢(-) we have p1 € By, (0) N V°(ATy + 7) = B, (0) N YL(7).
By assumption (u”,p;) is a strong inner pair, thus there exists a time AT, < 1 and a
control function ug € U such that

@(ATy,0,p1,u0) € Byo(0) N XXE(7) and
©(t,0,p1,uq) € Byy(0) for all ¢ € [0, ATy].

Then there is an interval [ag, by] C [0, AT,] with

QO(G'Oa Oapl,UO) € yéoc(T) and
(10(7:3 0,p1,uo) € Xsl?g(’r) for all t € (a()a bO]

From ¢(ag,0,p1,ug) € Y°(1) we get PY°(1, ¢(ag,0,p1,ug)) = 0, and since
o(t,0,p1,u0) ¢ Y'°°(7) for all t € (ao, bo]
we get PL(T, ¢(t,0,p1,u0)) € X% (1) \ {0}
By Proposition 3.2.11 there is a kg € N with kg > K and gy € 7;{‘;,0(7), AT € (ag, by
with
'Pf:OC(T’ QD(ATla 01p07 UO)) = (10(_2k0®h + 7,7, qo, uh)'
But from ¢(AT1,0,py,u’) € X,ff’ﬁ (1) we have gy = p~ (7). Define

P2 1= (AT, 0,p1,uo).
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Step 0, Part B:
There is a kg > K such that with

AT3 = 2]&'0@
p3 = Q(ATs +7,7,ps,u") = (AT, 0,p2,u" (1 + +))

we get

p3 € By, (p> (7)) C XL%(7).

Proof. In Step 0 Part A, we stopped with the point ps € B,,(0) N Xgl’oﬁ(T) and
PL(,p2) = p(~2ko© + 7,7, p5 (1), u").
Define
AT; := 2ky©
and
p3 := (ATs + 7,7, pa, u) = (AT3, 0, pg, u (7 + -)).

Because of (4.15) we have p3 € By, (p> (1)) C Xgl,oﬁ (). m

This is the end of Step 0. We define the times ATj;, the points p; € Xé:’ﬁ (1) and the
controls u; € U for 1 = 1,2,... recursively.

By construction we have ps;—1 € B, (p>(7)) such that it is an element of Xé?ﬁ(T)

Step i, Part A:

There are ATy; > 0 and ATy;11 > 0, ATy40 € (0, 2—11) and a control function u; € U
such that

pai = (AT, 0,psio1,u’) € XL%(T)
pait1 = @(AT4iy1,0,pai,u”) € B, (0) N XX (7)
piive = P(AT4i12,0,pait1,ui) € By, (0) N X% (T)

with
PLC(1, paire) = ©(—2k;0 + 7,7, ps (7),ul) for a k; > K;.
Proof. Either we have
@(t,0,pai—1,u®) € X% (7) for all t >0
or there is a time ATy; > 0 with

@(ATy3,0,pai—1,u’) € YL(1) and
@(t,0,pai—1,u’) € X%(7) for all 0 < t < ATy;.
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e In the first case, because py;—1 € W?* there exists a time ATy; > 2¢ with
@(t,0,psi—1,u*) € By, (0) N X%(7) for all t > ATy;.

Since the projection mapping Pﬁoc is continuous and because lim;_, ¢ (2,0, psj—1,u®) =
0, we get limy oo PY°(7, 0(,0,psi—1,u®)) = 0. By assumption there is a k; € N with
k; > K; and ATy > ATy, q; € 72%6(7') with

PL(T, p(ATui, 0, pai1,u%)) = o(—2ki® + 7,7, gi, u™).
On the other hand since p(ATy;,0,p4;—1,u’) € Xgl"ﬁ(T) we have g; = p~ (7). We define

Pai = Pait1 = Pait2 = P(ATy;,0,p45-1,u*) and
AT4i+1 = AT4Z'_|_2 =0

and choose a function u; € U arbitrary.
e In the second case we define

Pai = (AT, 0,p45-1,u°).

Since py; € Y¢(7) there is a time AT41+L> 0 such that ¢(t + 7, 7, pa;, u") € B, (0) for

all t > ATy;+1. Now choose ATy; 11 > ATy;y1 such that
ATy = 21,0 fora l; € N.
Define
paitt = Q(ATgip1 + 7,7, paz, u") = (ATyi11,0,p,u (7 + 1))

and note that ps; 11 € By, (0)NYL¢(7) by periodicity of Yloc(.). By assumption (u”, pg;y1)

is a strong inner pair, thus there exists a time ATy; .9 < & and a control function u; € U

2’L
such that

P(ATyits,0,pait1, ) € By, (0) N X% (7) and
©(t,0,pais1,u;) € By, (0) for all t € [0, ATy o).

Then there is an interval [a;, b;] C [0, ATy, 0] with

W(aiaoap%-}—lau’i) € yéoc(,r) and
go(t, O,p4i+1,ui) S XEI,O; (T) for allt € (ai, b,]
Since ¢(a;,0,pait1,ui) € V(1) we get PL°(t,(ai,0,psit1,u;)) = 0, and because
(,O(t, Oap4i+17 uZ) g_ﬁ yéoc(,r) we get 'Péoc(,r’ (,O(t, Tap4i+laui)) € X&%OC(T) \ {0} for t € (a’i7 b’L]

By Proposition 3.2.11 there is a k; € N such that k; > K; and ¢; € 7'513,0(7'), ATy o €
(ai, b;] with

PLc(1, o(AThiv2, 0, pait1,us)) = o(—2k;0 + 7,7, g, u™).
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On the other hand since @(ATy;49,0, pgit1,u’) € Xsl"ﬁ(T) we have ¢; = p~(7). Define

Paiv2 = (AT4iy2,0,paiv1, ui).

Step i, Part B:
There is a k; > K; such that with

AT4Z'+3 = 2’%@
paivs = ©(ATyiy3 + 7,7, paita, u") = @(ATuits,0, paito, u (T + )

we get

pai+3 € Bs,, (p>(7)) C Xaloﬁ (1)

Proof. In Step i, Part A we stopped with a point psi+o € By, (0) N Xslfﬁ (r) and
PL(T, paiva) = p(—2k;i© + 7,7, ps (1), u").

We define

AT4Z'_|_3 = 2’{?1@ and
paivs = @(ATuirs + 7,7, paiv2, u) = @(ATuiy3,0, paipo, u(T + ).

From (4.15) we obtain

Paits € By, (p> (1)) C X% (7). (4.17)

This is the end of the construction algorithm. Now define

%
T; =) ATy
k=0
and the function u~ : R -U by

0, for t < 0,

’U,S( — T4z'_1) for t € [T4Z'_1,T4Z'),
u>(t) = uh(t +7— T4i) for t € [T4i;T4i+1);

ui(t — Taiy1) for ¢ € [Tuiy1,Taiv2),

’U,h (t + 7= T4i+2) for t € [T4i+2; T4z'—|—3)7

for 2 =0,1,2,... where we define T_1 := 0.
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Remark 4.1.4 By the construction given above, the trajectory o(t, T, p>(7),us) lies in
Xsloﬁ(T) for allt > 7. If we want to construct the corresponding control function u. such
that o(t, 7,p<(7),u<c) € X;?Q(T) for all t > T, then we have to exchange all occurrences
of X% (1) by Xl°(r) in the procedure above. Furthermore we have to start at the point
p<(7).

Remark 4.1.5 Here we have to make the same remarks as at the end of Section 3.5,

Remark 3.5.1 and Remark 3.5.2. The control function us depends on the constants

g,p,7. In Chapter 3, it was possible that dim X > 1, i.e. the target 72‘,’,6(7') could be a

higher dimensional object, such that we were really able to choose the starting point p_;.

But here, in the case dim X = 1, we have no real choice, since there are only two points
ocC

in Tz p(T). Deciding that the starting point p has to be an element of Xsl,> this point has
to be p> (7). Thus to specify us more detailed we may write us ¢ pr = Us.

4.1.3 The Limit Set

We now want to show, that ps(7) € mpa(w(us,p>(7)). In Section 3.6 we also have
found the U-component of w(us,p~ (7)), which belongs to ps(7) in U x R?. Because
the construction of u~ is here different from the construction in Section 3.5, the U-
component can also look different. We have to distinguish two cases. Either we have
©(t,0,ps(7),u’) € X% (7) for all £ > 0 or not.

We will first consider the case ¢(t,0,ps(7),u’) € Xsl"ﬁ('r) for all ¢ > 0.

Lemma 4.1.6 Let 7 € R and assume, that we have
©(t,0,ps(7),u’) € Xglf’ﬁ(T) for all t > 0.

Let us € U be constructed as in Section 4.1.2. Then for the times ATy and ATy 3
of the construction we have

ATy — oo and ATy;r3 — 0o for i — oo.

Proof. Suppose, that ATy < N for a N > 0. By continuous dependence on initial
values there is an ig € N such that ¢(ATy;,0,p,u®) ¢ By, (0) for all p € Bs,(p>(7))
and all ¢ > 4p. Thus by the construction of the control function u~ it follows that
pii = ©(ATy;,0,p4_1,u°) € Y°(r) for all i > ig. This is a contradiction to the
assumption o(t,0,ps (1),u®) ¢ Y°(r) for all t > 0. Therefore the sequence (ATy;)ien
is unbounded.

With ATy 43 = 2k;0 > 2¢ the assertion follows.

After this preparation, we can characterize the w-limit set in the first case (cf. Figure
4.3).
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Figure 4.3: Sketch of ¢(t,0,ps (7),u*) if ¢(,0,ps (1), u®) € Xé"; (1) for all ¢ > 0.

Proposition 4.1.7 Let 7 € R with ¢(t,0,px(7),u®) € X.'°°(7) for all t > 0 and let
us €U be constructed as in Section 4.1.2. Then we have

{®(u”,p>(7)) : t € R} C w(us,p>(7))
where the control function u* € U is defined by

W (1) ‘:{ us(t)  fort >0,
' uh(t+71) fort <O.

Proof. We show, that

lim 67,  us =u*
k—oo 471

with the same technique as in the proof of Theorem 3.6.1. It suffices to show that for
every g € L'(R,R™) and o > 0 there is a N € N such that

/ (s (t+ Tap1) — u(8), g(8)) dt| < o for all k> N.
R

Let g € L'(R,R™) and o > 0. Then there exists a time 7' > 0 with

g
/R\[—T,T] |g(t)| dt < 2d1amU

Furthermore, by Lemma 4.1.6, there exists a NV € N with

ATy,_1 > T and
ATy, > T for all k > N.
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This guarantees, that

s (t + Tap—1) = u(t) for all t € [0,T] and
us(t+ Typ—1) = ul(t+7) for all t € [-T,0].

It follows
‘/R<U>(t + Ty 1) —u*(8), g(8) dt‘

<

[t o) w0, p ] +

[ s ) = w0900 dt\

<

+

/ (us(t + Tap—1) — u*(t),9(t)) dt / (us(t + Tap—1) —u*(t),9(t)) dt
R\[-7,0] [-7,0]

+ +

/ (s (£ + T 1) — " (8), 9(£)) dt / (s (£ + T 1) — u*(8), 9(£)) dit
]R+\[0,T] [0,T]

<Z4 / (ut(t+7) = (1), 9(8) ) dt| + 5 + / (u*(t) — u*(t),g(t)) dt
2 [_T,O] 2 [OaT}
g ag

< B} +0+ 2 +0

<o

Thus we have shown limy_,, 01, ,u> = u*.
By relation (4.17) we have pyr—1 = @(Tur—1,0,p>(7),us) € Bs, (p>(7)) and we get

p>(7) = lim o(Tyr—1,0,p>(7),us).
k—o0

Thus it follows, that (u*,p~(7)) € w(us,p>(7)). By invariance of w(us,ps(7)) the
assumption follows. m

Remark 4.1.8 We obtain a similar result for u<: Choose T € R with ¢(t,0,p<(7),u®) €
XEI"E(T) for allt > 0. If we construct u« € U as in Section 4.1.2, we get

{@-(u,p<(7)) : T € R} Cwluc,p()).
Now consider the case where there is a time & > 0 such that

Qo(ga 03p> (T)7 us) S yéoc(T) and
o(t,0,p> (1),uf) € X% (7) for all t € [0,£].

It turns out, that in this case, the w-limit set can have a slightly different structure than
in the case before.
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Lemma 4.1.9 Let 7 € R and let u~ € U be constructed as in Section 4.1.2. Assume,
that there is a time & > 0 such that

¢(£a07p>(7-)7u5) € yéoc('r) and

¢(t,0,p(1),u®) € X(7) for all t € [0,€]. (4.18)

Then

—00
Furthermore, we have

ATyir3 — 00 for i — oo.

Proof. Suppose, that there is a v € (0,¢) and a subsequence of (AT}, )ken with
ATy, < & — for all k& € N. For simplicity, denote this subsequence by (ATy;)ien.
Since this sequence is bounded, there exists a convergent subsequence, which we will
again denote by (ATy;)ieny with lim; oo ATy = T e [0, —~]. On the other hand from

Pai—1 € BJi (p> (T)) we have hmZ—)oo <P(AT4i507p4i—17us) = <P(T507p> (T)7us) € yéoc(T)’
which is a contradiction. This shows the first assertion.
Because ATy;+3 = 2k;0 > 2' the second assertion follows. m

Proposition 4.1.10 Let 7 € R and let u~ € U be constructed as in Section 4.1.2.
Assume, that there is a time & > 0 such that

(10(6507P> (T)aus) S ygoc(T) and
©(t,0,p>(7),u’) € Xjfg(r) for all t € [0,¢&].

Then at least one of the following two cases occur:
(a) We have
{®u(u”,p>(7)) : t € R} C w(us,p>(7))
where the function u* € U defined by

NN B 0)) fort>0,
wi(t) = { ub(t+7) fort <.

(b) There is a ¢ > & such that with the control function v* € U defined by

ul(t+7) fort <0,
v*(t) := ¢ ub(t) for t € 10,¢],
ul(t+7—C) fort>(.

we have
{@¢(v*,p>(7)) : t € R} C w(us,ps(7)).
(cf. Figure 4.4)



4.1. The Basic Construction Idea 91

¢(t,0,p (1) (T ++)) ¢(£,0,p (v) ¢
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.
.

y loc(r )

q

O(1,0,q,u (T +*))

Figure 4.4: Sketch of ¢(t, 0, p~ (7),v*) if there is a £ > 0 with ¢(&,0,p> (1), u®) € YLoo(1).

Proof. We have to consider two different cases. There may be a subsequence
(ATy;,)1en with ATy, — oo for I — oo or there may be a subsequence (ATY;,,)men
which is bounded. For simplification we will denote the subsequences by (AT;);en.

e Case 1: ATy — oo for 1 — oo.

As in the proof of Proposition 4.1.7, we get {®;(u*,p> (7)) : t € R} C w(us,ps(7))-

eCase 2: The sequence (ATy;)ien is bounded.

By construction of the control function, this means there is an ig € N with

@(ATyi, 0, pai—1,u®) € YI(7)
for all 4 > 4. Otherwise, there would be a subsequence (AT}, );en with
QD(ATALZ'; ) 07p4’ilfla uS) € Xsl,oﬁ (T)

But by construction of the control function us then ¢(ATy;,0,paj—1,u*) € Bo, (0)
which is a contradiction to the assumption, that ATy;, is bounded and p4;,—1 € By, (p>(7)).

Since the sequence is (ATy;);en is bounded, it has a convergent subsequence, which
we will denote again by (ATy;)ien. By Lemma 4.1.9 we get liminf; ,o ATy; = £, and
we obtain

71— 00

Since psi—1 € Bs,(ps (7)) and ©(ATy;,0,pai—1,u’) € Y(7) we get by continuous de-
pendency on initial conditions, that there is a ¢* € Y!°¢(7) with

lim (ATy;,0,psi-1,u’) = lim py; = g* € YL°(7).
72— 00 11— 00
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Furthermore we get
AT4Z'_|_1 — 00 for 1 — oo.

Otherwise suppose that ATy < N for a N > 0. Because lim;_,o, ps; = ¢* this is a
contradiction to the construction of the control function, where we have chosen ATy,
in such a way, that psi11 = @(ATuir1 + 7,7, pai, u) € By, (0).
Define the control function v* € U by
ul(t) for t <0,
v*(t) = ¢ ub(t) for t € [0,¢],

ub(t+71—=¢) fort> (.

We show, that

: _ *
lim 01, us = v™.
1— 00

It suffices to show that for every g € L'(R,R™) and o > 0 there is a N € N such that

/ (s (b + Ty 1) — v*(t), g(t)) dt| < o for all i > N.
R

Let g € L'(R,R™) and o > 0. Then there exists a time T' > ¢ with

g

t)| di .
/R\[—T,T] |g( )| < 4d1amU

Because lim;_, o, ATy; =  there exists a N1 € N with

ATy < T and (4.19)
ATy > T for all i« > Ny.

This guarantees, that

us (t+ Tyi—1) = u’(t) for all ¢ € [0, ATy, (4.20)
us (t + Tyi_1) = u(t + 7 — ATy;) for all t € [ATy;, T] and (4.21)
us (t + Tyi—1) = u(t + 7) for all t € [T, 0). (4.22)

First we show, that there is a No € N, Ny > N; such that

/ (s (£ + Tysy) — v* (£), g(t)) dt
[ATy;, T

< % for all i > Ny. (4.23)
We have

/ (s (t+ Ty 1) — v (£), g(t)) dt
[ATy;, T

< +

/ (s (¢ + Tai1) — v*(2), 9()) dt
[¢,ATy)

/ (s (£ + Tai 1) — 0" (1), 9(1) dt
[ATy;,T)
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where we define [(, ATy;) := 0 if { > ATy;.
For the first integral in the sum we have because lim;_, oo ATy; = ¢

lim =0

1—00

/ (us (£ + Ti) — 0" (), (1)) dt
[¢,ATy;]

For the second integral in the sum we can therefore suppose, that ATy; > (. We define
for an interval [a,b] C R the characteristic function

1 forté€la,b],
X[a,b](t) o { 0 fort ¢ [a,b].

Thus we get
/ (us (t + Tiir) — " (1), g(1)) dt
[ATy;, T
= | [ xasn® (s -+ o) = v (0,000 dt\
_ ‘ [ Xt @ ¢+ 7= AT ) o4 7 - o],g(t))dt‘
From

uh(t +7— ATM) = 94_AT4iuh(t +7— C)
and since (U, 0) is a continuous dynamical system it follows

lim w(- + 7 — ATy) = u(- + 7 = ¢).

12— 00

Now with lim; o0 X[aTy;,1)(*) = X[¢,7](*) it follows

lim ‘ /R X[aty,71(t) ([u’l(t + 17— ATy 1) —u(t+ 71— ()], g(t)> dt‘ =0

12— 00

Thus we can choose Ny > Nj such that (4.23) is satisfied.
Furthermore, because lim;_, ., ATy; = ¢ and (4.20) there exists a N > Ny with

ag

/ [ (s (¢ + Taima) —0"(8), 9(1)) | dt < 7
[0,ATy;]
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Then we get for ¢+ > N:

‘/R (us (t + Tai—1) — v3 (1), g(t)) dt‘

<

/_ (us (t+ Ty—1) — v (1), g(t)) dt‘ +

[ s+ Tucn) = 0,900 dt\

< (us(t +Tyim1) — 0" (), 9(t)) dt

7,0]

/ (us (t + Tair) — v*(£), g(t) | +
R=\[-T,0]

[_

+ / (us (t +Tyi—1) —v*(t),9(t)) dt| + (us (b +Tyim1) —v*(t),9(t)) dt
R+\[0,T] [0,T]
< Z+ /[‘_T,O] <Uh(t+7')_’l]*(t)ag(t)>dt +Z+ /[;,T] <u>(t+T‘4z 1)_U ( ) ( )) dt

<240+ +
1 1

| s+ T — v 0.90) d
[0,ATy;]

+ /[ATM, (0 Ti) — (1) 9(0)

<o

Hence we have shown lim;_, o, 07,, ,us = v*.

From relation (4.17) we have psi—1 = ¢(T4i—1,0,p>(7),us) € Bj,(p>(7)) and we
obtain

p>(7) = lim o(Ty—1,0,p5(7), us).
71— 00

Thus it follows, that (v*,p= (7)) € w(us,ps(7)). Finally, from invariance of w(us,ps (7))
(cf. Corollary 1.1.16) we obtain, that (6;v*,¢(t,0,ps(7),v*)) € w(us,p>(7)) for all
tcR =

Remark 4.1.11 Again one has to mention, that this proposition holds if we replace
p>(7) by p<(7), us by uc and Xslf’ﬁ(T) by Xglf’é(T)

4.1.4 The Existence Theorem

Since we have now contructed the control function u~ in Section 4.1.2 and characterized
the w-limit set in Section 4.1.3, we are now in the position to state the following theorem.

Theorem 4.1.12 Consider the nonlinear control system

&= fo ($)+Zﬁ1uz (t)fz(.’E) (424)
vuEU={u:R—=R" u(t) €U for a.a. t € R, locally integrable} )
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where U is a compact and convez subset of R™ and fo,..., fm are C? vector fields
on R. Suppose that for all (u,z) € U x R® the equation (4.24) has a unique solu-
tion o(t,7,z,u),t,7 € R, with p(r,7,z,u) = z. Assume, that following properties are
satisfied.

(1) The nonlinear control system (4.24) has a singular point z* = 0 € R%, and (4.24)
is Lie-determined such that R? \ {0} and {0} are mazimal integral manifolds.

(2) There are two piecewise constant and periodic control functions u and u® € U
such that the associated Lyapunov exponents of the linearized systems have the
following properties

0 >A{>...2 ) and
)\’f> 0 >)\§2...2)\3.

For ¢ € (0,€] denote by X, V¢ the corresponding local unstable and stable fibre
bundle of the differential equation corresponding to u". Note that é is defined as
in Notation 3.2.10.

Moreover, suppose that there is a neighborhood V.C R® of z* such that

(8) for every t € R and every z € XL¢(t) NV \ {0} the pair (u"(t + -),) is a strong
INNer pair.

(4) for everyt € R and every z € Y°(t) NV \ {0} the pair (u(t +-),z) is a strong
INNer pair.

(5) for every t € R and every x € V' \ {0} the pair (u®(t+-),z) is a strong inner pair.

Then there exist two control sets D~, D C R% with nonvoid interior such that for
every € € (0,€] there is a neighborhood W C R? such that for every 7 € R we have

{o(t,0,ps,u (T +)) : t <0} C int D> (4.25)
Jor every ps € X% (r) N W\ {0} and
{o(t,0,pc,u(T +-)) : t < 0} Cint D (4.26)
for every p. € Xgl,og (r) N W\ {0}. In particular, we have
z* €cDsNdDv. (4.27)
Furthermore for ps € X% (1) NW \ {0} we get two cases: Either

{o(t,0,p>,u®) : >0} Cint Ds (4.28)
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or there is a ¢ > 0 with

¢(6501p>7us) € yéoc(T)’
{¢(t,0,p>,u®) : t € [0,(]} C int D and (4.29)

{o(t,0,0(¢,p,us),ut(r — C+)),t > ¢} Cint Ds.

The statements (4.28) or (4.29) hold true for every p< € X!fé(T) NW\ {z*} if we
replace Do by D-.

Proof. We first have to adjust the neighborhoods. Choose € € (0,¢], choose the
neighborhoods V' and W?* of 0 as in Section 4.1.2 and define p := p(e, W*) such that
the relation (4.14) is fulfilled.

We show the existence of Ds with the properties (4.25) and (4.27), the construction
of D. works in the same way.

Fix p € (0,p] and 7 € R and define p_; := p-(7) = '72";(7') N Xglf’ﬁ('r) By the
construction 4.1.2, we get a control function us. € U. According to Proposition 4.1.7
and Proposition 4.1.10 there are two cases: Either we have

{@:(u™,p>(7)) : t € R} C w(us,p>(7))
with u* € U defined by

s | w2 for t > 0,
w(t) = { uPb(t+7) fort <0,

or there is a ¢ > 0 such that with the control function v* € U defined by

ul(t + 1) for t <0,
v*(t) := < ub(t) for t € [0, (],
ub(t+71—¢) fort> (.

we get
{@¢(v",p>(7)) 1 t € R} Cw(us,p>(7))

and W(Cap>7us) € yéOC(T)'
In the first case, because of the premises (3),(4) and (5) for every —oo < T7 < 0 < Tb

< oo and v > 0 the compact sets

{®:(u”, p>(7)) : t € [T1,T>]} and
{(I)t(U*’p>(T)) (te [Tl +75T2 +7]}

consist of strong inner pairs. Thus by applying Proposition 1.1.21 we get a control set
D(p> (7)) C R? with

{o(t,0,p>(7),u%) : t € [Ty, To]} C int D(p>(7))-
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By maximality of control sets it follows

{o(t,0,p>(7),u") : t € R} Cint D(p=(7)).

In the second case because of the premises (3),(4) and (5) for every —oo < T1 < 0 < Ty
< 0o and vy > 0 the compact sets

{®(v*,p> (7)) : t € [T1, T2} and
{@i(v*,p> (7)) s t € [T + v, T + 7]}

also consist of strong inner pairs and we get in the same way that

{¢(t,0,p>(7),v") : t € R} C int D(ps(7)).

Next we show, that for every

p1,p2 € X% (7)\ {0}

with
p1 € T2 (7),p2 € TI%(7) and
0<pi<p2<ph

we have

D(p1) = D(p2).

Because XéOC(T) can be parametrized by a continuous curve, there is a continuous and
bijective function ¢ : [0, 1]—>’Déog('r) with

¢>(0) =0 and
e (1) = T3 (1) N X% (7)

Then there are 0 < t1 <ty < 1 with
c>(t1) = p1 and ¢ (t2) = po.
As we have seen, for every t € [t1, 2] we get a control set D(cs(t)) C R¢ with
s (t) € int D(es (t)).
It follows that for every ¢ € [t1,t2] there is an open neighborhood V(e (t)) of ¢s (¢) with
V(es(t)) C D(es (1))

Since {V (e (t)) : t € [t1,12]} is an open covering of the compact set {cs (t) : t € [t1,12]},
it follows, that there is finite covering

{Vies(si)) :i=1,... ,n} witht; <sp<...s, <ty,n €N
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of {¢=(t) : t € [t1,t2]}. Thus for every i € {1,... ,n} there is an j € {1,... ,n} such
that

Vies(s:)) NV (es(s5)) #0
By the maximality property of control sets it follows D(cs(s;)) = D(cs(s;)) and we

get D(cs(t1)) = D(cs(t)) = D(cs(t2)) for all ¢t € [t1,t2]. Therefore it follows D(p;) =

D(p2)-

We will denote from now on by D(7) the control set with {p € Xgl,oﬁ(T) N 72%6(7') :
0< p<p}Cint D(r).

Next we show, that for every 71,72 € R we have D(71) = D(r2). First note, that for
every T Rk €Z

D(7 + 2k©) = D(1),

because X'°°(1 + 2kO) = X!°¢(1). Let p € Xslf’ﬁ(rg) N 7?,‘,’)0(7'2) for a p € (0,p). By
construction we have

{o(t,0,p,ul(r2 +-)) : t < 0} C int D().
Because
©(t,0,p,u (12 + ) = @(t + T2, T2, p,u) € Xt + 1) N Xé”ﬁ(t + 1) for allt <0
there is a k € N with

p(r1 — 12 — 2k0O,0,p,u" (12 + ) = (11 — T2 — 2kO + 72, 72, p, u")
€ X°°(r1 — 2kO) N X% (11 — 2kO)
= X (m) N Xsl,oﬁ(ﬁ)

and
(T — 9 — 2kO,0,p,u (19 +)) € 7;{‘,’,?(71)

for some p' € (0, p]. Thus D(m1) N D(m2) # 0 and by maximality of control sets we have
D() = D(r) =: Ds.

The proof for the -part of the Theorem works in the same way, as we have done
here for the - -part.

Finally choose the neighborhood W C R of 0, such that

W NDY%(t) = W N X(t) for all t € R. (4.30)

Note that it is possible to choose such a neighborhood. For contradiction suppose, that
there is a sequence (tn,pn)neny C X°¢ with ||p,|| < L and (t,,p,) € ’Dé"’g. We can

n
assume that ¢, € [0,20]. Then there is a convergent subsequence which we denote

again by (tn,pn)nen and limy, oo (tn, pn) = (t%,0). Now H (tn, F(tn)pn) € X x {0}
and it follows, that lim,, o He(tn, F(tn) pn) = (0,0). This is a contradiction, because
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then there must be a ng € N with ||H(tny, F(tne) Pno)ll < p and it would follow, that
(tnos Pno) € Dé?g(tno)-

Next we have to show, that the control sets D~, D are independent of the chosen
€. We have shown, that for ¢ there is an open neighborhood W C R% and two control
sets ﬁ< and ZA)> such that for every 7 € R we have

{o(t,ps,u"(T+)) : t <0} Cint Ds (4.31)
for every ps € Xslf’ﬁ (r)NW \ {z*} and
{o(t,p<,u(T +-)) : t <0} Cint D< (4.32)

for every p. € Xgl"’i (m)NW \ {z*}.

Now choose ¢ € (0,£] and the corresponding neighborhood W C R? of 0 with the
control sets D and D~ and the properties (4.25) and (4.26). Because € > ¢ there is
according to Proposition 6.2.11 a neighborhood V C W N W such that for all t € R we
have

xlectynv =xlec)nv. (4.33)

By (4.31) there exists a ps € int Ds with ps € Xgl"ﬁ (t)NV for some t € R. But because
of (4.33) it follows, that ps € X% (t) NV and therefore Dy = D-. Furthermore there
exists a po € int Do with pc € Xé"g(t) NV for some t € R. But because of (4.33) it
follows, that p. € Xé"é(t) NV and therefore Do = D.. m

We want to compare this theorem with the General Existence Theorem 3.7.1, where
we assume for simplicity, that the condition (1)- (5) of Theorem 4.1.12 are fulfilled.

The first difference is, that in the new Theorem 4.1.12 the control sets D. and
D+ do mnot depend on the chosen 7 € R. In Theorem 3.7.1 we got for every 7 € R a
control set D(7). In Figure 4.5 we have drawn the control set D~ (71) and D (72) for
71 # T9. Theorem 3.7.1 does not guarantee, that D~ (71) and D (1) coincide, cf. Figure
4.5 (a). But under the slightly stronger assumptions of Theorem 4.1.12, we get that
D+ (1) = D~ (72), cf. Figure 4.5 (b).

Furthermore, Theorem 3.7.1 only states, that there is one control set, but not if it is
D- or D.. With Theorem 4.1.12 it is guaranteed, that both control sets exist. This was
possible because we used the topological structure of the unstable fibre bundle, which
is here onedimensional.

Then the characterization via the trajectories ¢(t,0,p*,u*) can be different. Both
theorems show, that there can be a p € X'°°(7) such that

p €int D and
©(t,0,p,u*) C int D.

But in the onedimensional case, an additional situation may occur, which is not specified
by the general Theorem 3.7.1. If ©(¢,0,p,u®) € Xé,"ﬁ (1), then the result from Theorem
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XIOC(TI)

(@) (b)

Figure 4.5: Comparison of the two construction algorithms.

4.1.12 is shown in Figure 4.6 (a), which is similar to Figure 3.5 which we got from the
general Theorem 3.7.1. If there is ¢ > 0 such that (£,0,p,u®) € Y¢(7), then it is
possible, that there is a ( > ¢ such that with the control function v* also a part of the
stable fibre bundle Y'°¢(7) lies in the interior of the control set. This is illustrated in
Figure 4.6 (b).

Furthermore, Theorem 4.1.12 guarantees, that the control set D~ and D. are inde-
pendent of the chosen local stable fibre bundle, i.e. independent of e.

At the moment it is still unclear, when D, and D- coincide. In the next chapter,
we will give some criterions under which this situation may occur.

4.2 Two Hyperbolic Systems

If one can find for a nonlinear control system with singular point a periodic control
function u? € U such that the corresponding Lyapunov exponents fulfill

A >0> M, > >0,

then one can often expect to find another periodic control function u? € U with the
same property:

A >0> M, >. . >0,

Suppose for instance, that U x R* = V; @ V, for two invariant subbundles V; and Vs,
which we get from Theorem 1.2.7 such that

0 € int ELy(Vl) and ELy(Vg) CR™
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Figure 4.6: Two possible shapes of D-.
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with
dimV; =1 and X1y = clXp (4.34)

(cf. Theorem 1.2.11). In this case there are infinitely many of such control functions:
For A\; € Xry(V1) with Ay > 0 and \; € ¥1y(V2),7 = 2,... ,d and every o > 0 such
that Ay — o > 0 there is by (4.34) a periodic control function u” € U such that the
corresponding linearized system has the Lyapunov exponents /\? € R with |\; — )\i‘| <o.

Now for two control functions u? and ug with this property we get (if the correspond-
ing assumptions are fulfilled) by Theorem 4.1.12 four control sets D (u) and D (u?)
for ¢+ = 1,2. In this section we will now analyze, which of these control sets coincide.
There is no criterion, which indicates if two of these control sets do not coincide. How-
ever, we will show, which of these control sets lie in the domain of attraction of another
control set.

The basic idea is to construct a control function u by switching between u? and u?
and a stable control function u°. Then it depends on the position of the unstable fibre
bundles of the two control function «? and u} which ones of the control sets coincide.

4.2.1 Local Classification

We consider the nonlinear control system on R¢

veEU={u:R—R" u(t) €U for a.a t € R, locally integrable} '

where U is a compact and convex subset of R™ and fo, ... , fm are C? vector fields on
R?. Furthermore, suppose that for all (u,z) € U x R¢ the equation (4.35) has a unique
solution (t,7,z,u),t,7 € R, with o(7,7,2,u) = z.

We suppose, that the nonlinear system (4.4) has the origin 0 € R? as singular point.

Notation 4.2.1 From now on, we supply all the objects, which belong to the control
function u’f (for example the stable or unstable fibre bundle) with subscript 1. Then the
local unstable fibre bundle which belongs to u? is denoted by Xll"gc and the fibre at time

t € R with Xllfsc(t) In the same way we supply all the objects which belong to ub with
the subscript 5.

First of all, suppose that the following assumptions are fulfilled.

Condition 4.2.2 We assume, that there are three periodic control function ul', ull,u® €

U with the following properties:

(a) The control function u'f has period ©1 > 0 and the Lyapunov exponents /\’f,l, .- ,/\’f’d
of the corresponding linear system & = Aoz + Y 4 u{‘,i(t)Aiw have the property

A >0> o> >0,
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(b) The control function uh has period ©2 > 0 and the Lyapunov exponents /\’2‘ 15~ /\hd
of the corresponding linear system & = Aoz + Y 1o uf Z( )A;x have the propeTty

A2,1>0>>\2,22"'2>\2,d

(¢) The Lyapunov ezponents X5, ..., XS of the linear system & = Agz+ > 1, uf(t) Az
have the property

0> A >A5> ... >\

For the definition of €1, &5, we refer to Notation 3.2.10 where we consider the systems

z = fo(z —i—Zulz ) fi(z) and

w—fO +Zu2z fZ

Define

€ := min{éy, &2 }. (4.36)
For every e € (0,€] we get for uf the local unstable and the local stable fibre bundles
Xilgc and ygf;.

We will make a similar construction as in Section 4.1, thus we have to impose the
following condition.

Condition 4.2.3 The nonlinear control system (4.35) is locally accessible on R¢ \ {0}
and there is a neighborhood V. C R% such that for all ¢ € (0,€],t € R and all z €
y]log(t) NV \{0} the pairs (u;l(t + ), z) are strong inner pairs for j =1,2.

The next proposition describes, which points of the local unstable fibre bundle
Xll,ogc(ﬁ) can be steered to XQZ?EC(TQ) and, vice versa, which points of XQZ,OEC(TQ) can be
steered to Xllf’gc(n).

Proposition 4.2.4 Suppose, that the nonlinear control system (4.35) satisfies Condi-
tion 4.2.2 and 4.2.3. Let ¢ € (0,€],71,72 € R and o > 0. Then there ezists a neighbor-
hood N C R% of 0 such that for all

pj> € Xj%(m) N X &L (1) N N,

J,€5>
pj< € X% (1)) N X[L (1j) NN,
for j = 1,2 with
P1,>,P1,< & yé?sc(ﬁ)a (4.37)
P2,>,P2,< & yé?gc(ﬁ), (4.38)

we get: For each of the following cases, there exists a control function uw € U and a time
T > 0 such that if
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(a) p1,> € X% (72) then (T, 0,p1,>,u) € By(pa,>)-
(b) p1,> € XZIOEC<(7'2) then o(T,0,p1,>,u) € By(p2,<)-
(c) p1< € XQI°§>(72) then o(T,0,p1,<,u) € By(p2,>)-
(d) p1< € X21060<(7'2) then o(T,0,p1,<,u) € By(p2,<)-
(e) pa,> € X[%_(71) then (T, 0,p25,u) € By(p1,>).
(f) p2,> € X% (1) then (T, 0,p2,>,u) € By(p1,<)-
(9) p2,< € X% (1) then (T, 0,p2,<,u) € By(p1,5)-
(h) p2,< € X{% (1) then (T,0,pa,<,u) € By (p1,<)-

Proof. For some fixed € € (0,£] we get a neighborhood W;(g) C R? of 0 such that
for all p € X/%°(7) N W;(e) and all g € Y}%(7) N Wi(e) we have for i = 1,2

(,D(t, Tiy P, u?) = ‘F;_l(t)d)(ta T’iafi(t)pa Uf’) = ﬁ_l(t)#‘s(ta T’ia-?:(t)pa ?) for all ¢ < Ti,
o(t, 75, q,ult) = F; L) (t, 71, Fi(t) g, ult) = F; () pe (b, 70, F(t)g, ul) for all ¢ > ;.
(4.39)

Choose V* C Wi(e) N Wa(g) and by Lemma 6.2.10 there exists an open neighborhood
W*s C R of 0, such that for all p € W* we have

o(t,0,p,u®) € VS forallt>0and (4.40)
limt—)oo Qﬂ(t,s,p, us) = 0. )
By Lemma 3.2.8 there is a p; := pj(e, W?*) € (0, pj (€)) such that
D¢ (t) C W* and for all p € (0,5;),t € R,j =1,2. (4.41)
Thus if we define p := min{p1, p2} we have for all p € (0, §]
T (t) CW* C VE C Wj(e) for all t € R, j = 1,2. (4.42)
Finally choose the neighborhood N C R of 0, such that
NNDLE(t) = NNX[C(t) for allt € R, j = 1,2. (4.43)

Note that it is possible to choose such a neighborhood. Otherwise suppose, that there
would be a sequence (t,, pn)nen C X},’f with [|p,|| < % and (tp,pn) & ’D;"Ecp We can
assume that ¢, € [0,20,]. Then there is a convergent subsequence which we denote

again by (tn, pp)nen and limy, o0 (tn,pn) = (t*,0). Now H; . (tn, Fj(tn) pn) € X; x {0}
and it follows, that lim, oo H;c(tn, Fj(tn) pn) = (0,0). But this is a contradiction,
because then there must be an ng € N with ||H;(¢n,, Fj(tny) Pno)| < p and it would

follow, that (tng, Pne) € DYE 5(tn,)-
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For illustration we show (a), the other assumptions follow in the same way. For
71, T2 € R choose

pj> € X}fc( )N Xl"c> NN,
Pi< € Xj%(m;) N X} NN,

such that (4.37) and (4.38) is fulfilled. Choose o > 0 eventually smaller such that

By (T1%5(m1)) N V52X (m2) = 0, (4.44)

By (T3%5(m2)) N V1% (1) = 0, (4.45)

By (pj,>) N Bo(pj<) =0, (4.46)
Bo(Djt ;) € W*

By Proposition 3.3.3 there is a § > 0 such that we have:
For every 7 € R q € Ql‘gcp( 7) there is a K € N such that for every £ > K,k € N we
have

@(—2kO3 + 72,72, q,u5) € Bs(0). (4.47)
Furthermore, if p € Bs(0) and PIOC(TQ, p) = p(—2kOq + T2, T2, q,ul), then

o(t, 12,p,ul) € B (Xloc( t)) for every t € [1,7 4+ 2k©2] and (4.48)
P(2kOs + T, 72, p, uy) € Bo(T325(12)) = Bo(p2,>(12)) U By (p2,> (12)). (4.49)
Now there are two cases. Either
0(t,0,p1,>,u’) € X2ZOEC>( 7o) for all ¢ > 0

or there is a time ¢ > 0 with

@(570,p1,>7u5) € yéog(TQ) and
O(t,0,p1,5,u’) € X% (15) for all 0 < ¢ < €.

If the first case is fulfilled, because p; »(71) € W? there exists a time ¢y > 0 with
@(t,0,p1,>,u’) € B5(0) N X% (r) for all t > to.

Now because the projection mapping ’Pl"c is continuous with Pé“g(rg,o) = 0 and be-
cause lim;_, o ¢(t,0,p1,>,u®) = 0, we get hmt_>oo Péfg('rz,@(t,o,pl,>, ¥)) = 0. Thus by
Proposition 3.2.11 there is a k € N with £ > K and Ty > to with

Ploc(TQa SD(TOa Oap17>7 us)) = (,0(—2147@2 + T2, T2, 4, Ug)

for a g € 7'2l‘écp( T9). By relation (4.49) it follows, that

P(2kO2 + 72,72, p,u3) € By (T325,(2)) = Bo(p2,>) U Bo(p2,>)-
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But because ¢(Tp,0,p1,>,u°) € X2l?56,>(7'2) we have ¢©(2kOy + 79, T2, P, ug) € Bs(p2,>)-
Thus by defining

0 for t € (—o0,0),
ur(t) := ¢ us(t) for t € [0,Ty),
ub(t 4+ 19 — Tp) for t € [Ty, o0).
and

T:=Ty+ 2k@2

the assumption follows.
In the second case we define

qo ‘= @(5707p1,>au8) € Ve,

Because qp € yé‘jg(m) there is a time [ € N such that

q1 = 92102 + Ta, 79, qo, uk) = ©(20O4,0, g0, u" (12 + ) € B,(0).

By periodicity of ygfg() we have ¢; € B,(0) N y§?§(2l®2 + 12) = B,(0) N ygfg(ﬁ). By
assumption (ug, go2) is a strong inner pair, thus there exists a time T1 > 0 and a control
function v € U such that

QO(Tla Oa q1, U) € BO’(O) N XQZ,OEC,> (7-2) and
©(t,0,q1,v) € B,(0) for all ¢t € [O,Tl].

=

Then there is an interval [a, b] C [0,7}] with

v(a,0,q1,v) € yé?f(Tz) and
©(t,0,q1,v) € le’ogc’>(7'2) for all ¢ € (a, b].

Because ¢(a,0,q1,v) € yéfg(Tz) it follows Pé?g('rg, v(a,0,91,V)) = 0, and because
©(t,0,q1,v) ¢ V(1) we get Pé?g(m,(p(t,o,ql,v)) € XQI?{;C(’TQ) N XQI?607>(7'2) \ {0} for all
t € (a,b]. By Proposition 3.2.11 there is a k € N with k¥ > K and a T} € (a, b] with
Pé?g(TQa QD(Tla 0,41, U)) = (10(_21{;@2 + T2, T2,P2,>, Ug)
If we define g9 := (71,0, q1,v), then with relation (4.49) it follows
©(2kO3 + T2, 72, g2, uy) € By (p2,>).-

Thus by defining

T:=€+ 20094+ T) + 2k0O,
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and
0 for ¢t € (—o0,0),
u®(t) for t € [0,&),
ug(t) :={ ub(t+m —§&) fort e[ 200,),
’U(t — T()) for t € [21@2,T1),

ub(t+7—Ty) fort € [Ty, o0)
the assumptions follows. m

We are now in the position to give a local classification of the control sets near the
singular point.

Theorem 4.2.5 Consider the nonlinear control system

&= fo(z) + 230 ui (1) filz) (4.50)
veEU={u:R—=>R" u(t) €U for a.a. t € R locally integrable} )

where U is a compact and convez subset of R™ and fo,..., fm are C? vector fields
on R. Suppose that for all (u,z) € U x R® the equation (4.50) has a unique solu-
tion p(t,7,z,u),t,7 € R, with o(7,7,z,u) = . Assume, that following properties are
Fulfilled.

(1) The nonlinear control system (4.50) has one singular point z* = 0 € R¢ and is
Lie-determined such that R\ {0} and {0} are mazimal integral manifolds.

(2) There are three periodic control functions uf,u? and u® € U such that the associ-
ated Lyapunov exponents of the linearized systems have the following properties

0 >X>...>\,

h h h
A}l’l > 0 > A’ll,2 Z ... 2 A’ll,d’
A2’1 > 0 > A2,2 Z .. 2 Az,d.

Then define é by (4.36), choose € € (0,€)] and denote by X} y;f; the corresponding

3
local unstable and stable fibre bundle of the differential equations

m

z = fo(z) + Zu_};z(t)fl(x)

=1

corresponding to u;?,j =1,2.
Moreover, suppose that there is a neighborhood V.C R% of 0 such that

(8) for every t € R and every xz € X},"gc(t) NV \ {0} the pair (u?(t +:),x) is a strong
inner pair for j =1,2.

(4) for every t € R and every z € y;j);(t) NV \ {0} the pair (ugb(t +-),x) is a strong
inner pair for j =1,2.
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(5) for every t € R and every z € V' \ {0} the pair (v*(t+-),z) is a strong inner pair.

Then there exists a neighborhood N C R® and four control sets D;-.Dj;.C RY,j =
1,2 with nonvoid interior such that for every T € R we have

{(p(t,p>,j,u;-l(7j +:):t<0} CintD; (4.51)
{(t: p<.jruff(rj +-)) 1 <0} C int Dj (4.52)

for every ps ; € X}:};(Tj) with ps j € X}’OEC’>(T]-) NN\ {0} and every p. ; € X;,ogc('rj) with
P<j € X}Z_C,<(Tj) NN\ {0} for j =1,2. In particular, we have
z* €clDisNclDi«NelDys NelDy <. (4.53)

Furthermore let 71,79 € R. The interrelation of the control sets is summarized in the
table of Figure 4.7. For an illustration of the table consider Figure 4.8 and Figure 4.9.
The table has to bead read in the following way:

If we look at the first column, the ”>” indicates, that we assume, that there is a
P> € Xll’ogc('rl) with p1> € Xll’osc,>(71) NN\ {0} and

p1,> € X2l,oec,>(72)-
If there is a ”<” in the first column, we assume that
P> € X5 (12).

The notations for the other columns are similar: The second column indicates, that we
assume, that there is a pa > € XZI’OEC(TQ) with pa > € X2l?50,>(72) NN\ {0} and

P> € X% (1) or pa> € X% (1)

depending on the entry 7>7 or 7<” . The third columns indicates, that we assume, that
there is a p1 < € X{%(m) with p1 < € X[°(11) N N \ {0} and

P1,< € X3% (72) o7 1< € X% ()

depending on the entry 7>7 or 7<” . The fourth columns indicates, that we assume,
that here is a py < € XQI,OEC(TQ) with pa « € X2lj§,<(7'2) NN\ {0} and

P2,< € Xll?zzc,>(7-1) orp2< € Xll,oec,<(71)

depending on the entry "> 7" or ”<” . Then the last two columns shows, which of the
control sets coincide, and which control set lies in the domain of attraction of another
control set.
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C'a)v D <tg‘(C'a)v D <'g >eq=>"1q > > > > 91
CTOV D <@ (S'@)v 2 >'a >eq =<q < > > > a1
Ca)v 2 >Eq(Cta)v O g <eq =>"q > < > > -
AHNQ. — VJQLVFNQ — AJQ < < > > e1

CTa)v o g ('a)v O <tg >eq =>"g > > < > 1
(@) v o <tqg(<'g)v D >'g >eq =<' < > < > I
>g=>1q=<%q =<1 > < < > 01

(ta)v D <EFg{(<tq)v D > >eq =<'Iig < < < > 6
CTa)v o >t C'a)v O < <tq =>"1q < < > < g
CTa)v o >Etg(C'a)v O <'a <tq=>"qg > < > < .
g =>"1g=<"tq=<g < > > < 9

AV"HQ:\ ) A"NQAVJQVA\‘ D <1t >Tq = > > > > < c
M) v O >t (S'a)v 2 >'a <tqg=<1g < < < < v
Cla)v o> {(S'q)v D >lg <eq=<q > < < < ¢
Cera)v 2 > g (Sla)v D > ta <tq=<g < > < < z
>eq =>1q <tq =<'lg > > < < I

uorjORIN Y _ $308 [013U0)) > > <

Figure 4.7: The control sets and their interrelation to each other. We wrote ps 1(m1)
instead of ps 1 for emphasizing, that ps 1(m1) € X¢(7;) (and so for the other points).
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V,%()

Y5

2

5
N~
N

V5w

V,%@)

Y5

Figure 4.8: Sketch of the control sets and their interrelation, part 1.
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()
Y5

1 1 loc 1 2 loc
Y, ()
\ Yi5w) ' Y5)

1 3 loc 1 4 loc
yz.s(rz) yZ,g(Tz)
Y5 Y5

1 5 1 1 6 loc
V.5 @) Y,%)
Y5 Y5

Figure 4.9: Sketch of control sets and their interrelation, part 2.
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Proof. Choose ¢ € (0,€]. Then by Theorem 4.1.12 there exists a neighborhood
N C R? of 0 and control sets D ~, Dj <, = 1,2 which fulfill (4.51), (4.52) and (4.53).
By choosing N eventually smaller we can achieve that the assumptions of Proposition
4.2.4 are fulfilled.

For illustration we prove now the second line of the table, the other lines can be

prooved in the same way. Thus we assume, that there are 7,70 € R,p;~,pi> €
Xil,osc(n),i =1, 2 such that (cf. Figure 4.8 (2))

P1,> € Xllj’sc,>(ﬁ) with py > € X2l?£>(72) NN\ {0}, (4.54)
P2,> € A% (12) with po 5 € X[ (m1) NN\ {0}, (4.55)
pi< € X% (1) with py < € X% _(m2) N N\ {0}, (4.56)
Pa,< € X% (1) with py « € X[% (1) N N\ {0}. (4.57)

We have to show, that Di > = Dj .. For that purpose we first show, that for every
p € Dy > the relation Dy~ C clOT(p) is fulfilled. By (4.51) we have

p1,> € int Dy 5,
p2’> S int D2,>.

Thus there is a o > 0 such that
B, (p2,>) € int Dy ..

Since by relation (4.54) we have p; > € X2l?60’>(7'2) it follows with Proposition 4.2.4 (a),

that there is a 77 > 0 and a control function u; € U with

QD(Tla Oap1,>7 ul) € Bo(p2,>)'

By continuous dependency on initial conditions there is an open neighborhood N; C R?
of p1,» such that for every ¢ € N

(p(Tla Oa q, U1) € Ba(p2,>)-
For every p € D1 > there is a control function v € Y and a time S > 0 such that

(p(S’ 07p7 U) E N'

By defining
0 for t < 0,
w(t) := < v(t) for t € [0, .5),
uy(t —8) for t €[S, 0),
we get

o(T1 + S,0,p,w) € int Dy .
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Thus it follows that
Dy C Cl(f)+(p). (4.58)

Next we show, that for every p € Dy the relation Dy C clOT(p) is fulfilled.
Because pi» € intD; s there is a ¢ > 0 such that B,(p1,>) C intD; . Since by
relation (4.55) we have py . € Xll?;>(71) it follows with Proposition 4.2.4 (e), that there
is a Ty > 0 and a control function uy € Y with

(P(TQ, Oap2,>au2) € BU(p1,>)'

Because of continuous dependency on initial conditions there is an open neighborhood
N, C R? of p2,> such that for every ¢ € Ny

(p(TZa 07 q, u?) € Bo'(pl,>)'
For every p € Do - there is a control function v € U and a time S > 0 such that

(10(53 0,p,’U) € NQ-

By defining
0 for t < 0,
w(t) := < v(t) for t € [0, .5),
ug(t —S) for t €[S, 0),
we have

o(Ty + S,0,p,w) € int Dy
Thus it follows that
Dy~ C 1O (p). (4.59)

By (4.59) and (4.58) it follows, that Dy s = Do .

Next we show, that D1 « C A(Dg ). First we choose ¢ > 0 such that B, (p2 <) C
int Dy ~(72). Since by relation (4.56) we have p; « C le,ogc’ <(72), it follows by Proposition
4.2.4 (d), that there is a control function ug € Y and a T3 > 0 such that

QD(T?H 07p1,<’u3) € Bo’(p2,<) C int D2,<(TZ)'

This means that p; « € A(Dy ). Because pi (1) € int Dy « for every p € Dy . there
is by continuous dependency on initial values a control function w € U and a time S > 0
such that ¢(S,0,p, w) € By (p2,<(72)). Thus it follows, that D; . C A(Ds <).

Finally we show, that Dy - C A(D; ). First we choose o > 0 such that B,(p;,>) C
int Dy~ (71). Since by relation (4.57) we have py « C Xll,osc, (1), it follows by Proposition
4.2.4 (g), that there is a control function us € U and a Ty > 0 such that

©(T4,0,p2,<,us) € Bs(p1,>) C int Dy 5 (7).
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This means that p « € A(D;5). Because py « € int Dy . for every p € Dy . there is
by continuous dependency on initial values a control function w € U and a time S > 0
such that ¢(S,0,p,w) € B,(p1,>). Thus it follows, that Dy - C A(D; ). =

In Figure 4.8 and 4.9 we sketched the different cases (1)-(16) of Theorem 4.2.5.
Here the half-plane above ygjg:(n) is Xil,‘;f>(7'i) and that under Y°¢(r;) is Xil";f <(7;) for
i = 1,2. The control set D is the one, in which the point p; > (71) lies and so on.
The arrows show, which of the control sets are in the domain of attraction of another
control set. If an arrow starts for example in D; > and points to D - then this means,
that D> C A(Dsy), i.e. Dy lies in the domain of attraction of Dy .

We have to mention here again, that the Theorem 4.2.5 does not show, that two
control sets do not coincide. For example in the case (2) it could happen, that D > =
D . or Dy = Dy . This could happen because of global effects ’'far away’ from the
singular point 0, where the behavior of the linearized system has no influence.

4.3 Control Sets and Linearization

In this section we will again consider the nonlinear control system on R¢

& = fo(z) + 2% i (1) fi(w) (4.60)
u€eU={u:R— R™ u(t) €U for a.a. t € R locally integrable} )

where U is a compact and convex subset of R™ and fy, ... , fm are C? vector fields on
R?. Suppose that for all (u,z) € U x R? the equation (4.60) has an unique solution
o(t, 7,z,u),t,7 € R, with o(7,7,z,u) = =.

We suppose, that the system (4.60) has the singular point z* = 0 € R9.

The corresponding linearized system associated with the nonlinear system (4.60) is
the bilinear control system on R%:

T = A():L‘ + Z;nll uz(t)Azw

vueU={u:R—R™ u(t) €U for a.a. t € R locally integrable} (4.61)

where A; := % o We denote the fundamental solution of (4.61) for u € U by
r=

n(t,T,u), with 5(7,7,u)z = =, where 7, € R,z € R?.

Up to now, we only assumed, that there are at least two periodic control functions
u" and u® € U such that the corresponding Lyapunov exponents fulfill Condition 4.1.1.
Then we concluded (under additional conditions) in Theorem 4.2.5, that there are two
control sets D and D~ with nonvoid interior and 0 € c1 Ds Ncl D.. Up to now we did
not take into account the controllability properties of the bilinear system (4.61).
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A necessary condition for controllability of the bilinear system is, that the Lie algebra,
rank condition

dim LA{Ao + Y uiA; :u € Ul(z) =d (4.62)
=1

is satisfied for all z € R?\ {0}. This condition implies, that the bilinear system is locally
accessible, and that the projected system

p=h(p,u(t)) = ho(p) + 3232 ui(t)hi(p) (4.63)
vuelU={u:R— R" u(t) €U for a.a. t € R locally integrable} '

with
hi(p) :== (4; —pl Aip - id)pforalli=0,... ,m
satisfies the Lie algebra rank condition
dim LA{h(-,u) : u € U}(p) =d — 1 for all p € P, (4.64)

Thus if (4.62) is fulfilled, both the bilinear and the projected system are locally accessible.
We obtain the following characterization of the controllability properties for the
bilinear control system (4.61).

Corollary 4.3.1 Assume, that the bilinear control system (4.61) fulfills the Lie algebra
rank condition (4.62). Let D C P4~! be a main control set of the projected system (4.63).

1. If 0 € int Xpy(D), then the bilinear system is controllable in the cone K := {ap :
p € int D, > 0}.

2. If0 € int Xy, (D), then the bilinear system is not controllable in the cone generated
by D.

8. The bilinear system is controllable in R% \ {0}, if and only if the projected system
is controllable in P~! and 0 € int Ty, (P4~1).

Proof. Cf. Corollary 12.2.6 in [9]. m
In this section we will show, that the cone K is a (local) approximation of the control

set Do (and D) of the nonlinear control system (4.60), if the Lyapunov spectrum of
the nonlinear system fulfills an additional condition.

4.3.1 Preliminaries

First we state the following technical lemma.
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Lemma 4.3.2 Let 0 < w1 < we and (z,y) € X XY with x # 0 and
lyll < wr ||

and let 0 < o < 324 ||z||. Then for all (z',y') € By(z,y) we have

ly'll < ez [l

Proof. Let (z',y') € By(z,y) Note that from 54— < 1 it follows ||z|| > o and
therefore 2’ # 0. From

w |7+ (1 4+ wi)o ! llz|| + (1 + 2w1)o

| - |z — o
wi llzll + 1+ 2w) 555 ol
= )l — %5 =)
_ w2t 3wiws
14 3wy
= OJ2
we obtain
[v']] < llyll + o <willz] +o
<wi ||w'|| + (14 wi)o
< ]
| ]

Let u® € U be a periodic control function. Corresponding to u® we get the nonlinear
differential equation

m

&= fo(z) + > ui(t)fi(x) (4.65)

=1
which we call the original system. We suppose, that the Lyapunov exponents of the
linearized system fulfill

0> A7 > A >...>\;

We sketch the reduction process of Section 6.2. The goal is to show that in a neigh-
borhood of the origin the trajectories approach the local unstable fibre bundle X!
tangentially in a Lipschitz way.

As in Section 6.2 we get by the Floquet transformation F a transformed system on
X xY withdimX = 1:
i=ATz+ F*t(t z,vy)
Ig = A_y + F_(t,.’L',y)



4.3. Control Sets and Linearization 117

and define

X(t):=F )X
Y(t) := F(t)Y.

By a radial retraction we get the reduced system,

&= Az + Ff(t,z,y)

. - 4.66
y:By+FE (t,z,y) ( )

where we denote the solutions by p.(t,7,z,y,u*). Then an €* > 0 can be chosen as in
Section 6.2 such that for every € € (0,e*] there exists an unstable and a stable fibre
bundle

X ={(r,z,y) ERxX xY :y =wl(1,2)}

Ve ={(r,2,y) e RXX XY : 5 = w, (7,y)}
for the reduced system (4.66) and local unstable and stable fibre bundles X' and Y'°¢
for the original system (4.65). Note that because A; < 0 the corresponding nonlinear

system is locally asymptotically stable in 0. Thus also the trajectories which lie on the
unstable manifold tend to zero as time goes to infinity.

We will show now, that the trajectories of the original system (4.65) approach the
unstable fibre bundle X°¢ in a Lipschitz way. We prove this assertion in two steps.
First we show that the trajectories of the restricted system approach the unstable fibre
bundle & in a Lipschitz way and then we will show the same for the original system for
P

Lemma 4.3.3 For every w > 0 there ezists an e(w) € (0,e*] such that for all ¢ €
(0,e(w)] and for T € R, (z,y) € X x Y \ Ve(7) there is T > 7 with

pe(t, 73, y,u’) € {(2,y) € X XV : |lyl| < w]lzl|} for all # > T.

Proof. First choose an w’ € (0,w). Then there is an (w’) > 0 such that for every
e € (0,e(w')) we have

Xe(t) C{(z,y) € X XY : |ly|| < o' |||}

(cf. the proof of Lemma 6.2.14). For (z,y) € X xY,7 € R we denote the solution of the
restricted system (6.34) by

:us(taTaxayaus) = (NE,X(ta Taxayaus)a:uay(ta'raxay’us)) €EX XY.

We have to show, that for (z,y) € Y:(7) there is a T' > 0 with

e,y (8 25y, w”)|| < w llpe,x (8 2,9, w”) || -
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For the definition of L(g) cf. Remark 6.2.5. For abbreviation we denote the cor-
responding Lipschitz constant L(e) of F.f and F.” in the restricted system (4.66) by
L. Denote by P, the asymptotic phase for X.. According to Corollary 6.1.21 for every
vy€(B+ KL,a— KL) and every 7 € R, (z,y) € X x Y we have

||lLl’5(t7 T’w,y,us) - us(t’ 7-7 PE(T’x7 y)7us)|| S QerY(t_T) for t Z 7-7 (4'67)

if we define

K(y—8)

Q= Q(r,z,y) == = B_KL (2, y) — Pe(r, z,9)]|.-

Now we choose o € (0 and v € (8+ KL,a — KL). Since

)
pe(t, 7, Pe(1,2,9),u°) € {(z,y) € X xY : |ly|| <'||z||} for all t € R,
it suffices according to Lemma 4.3.2, to show that
e (7, 2y, u®) = pe(t, 7, Pe(, 2, 9), )| < o llpe,x (8 7, Pe(T, 7, ), w”) -
Because of (4.67) we have to find a T' > 7 with
Qe < o \pe,x (¢, 7, Pe(7, z,y),u’)|| forallt>T . (4.68)

First show a relation between the trajectory uc(t,7,P(7,z,y),u®) which lies on the
unstable bundle X, (¢) and its component . x (¢, 7, P(7,z,y),u®) € X. Because of the
Lipschitz continuity of w! we get by Theorem 6.1.13

||/1,5(t,T,P5(T,.'L',’y),U8)” S ||/1’5,X(t77—a PE(Tam,y)’us)|| + ||/1’E,Y(t,7—7 ’PE(T,.T,y),’U,S)“
= ||, x (8, 7, Pe (7,2, y),u) | + [Jwl (pe,x (87, Pe (7,2, 9),u?))|

KL
< Nex (b7, Pe(r, 2, 9), w) | 4+ 5= aex (7 Pe(r2,9), w) |

K’L
= (14 5oz ) et m Pelrz )] (4.69)

Now by Corollary 6.1.19 for all v € (8 + KL,a — KL) we have

a—v+ KL

P, z,y)| ) for all t > 7. 4.70
K(a—) 1P (7, 2, )| (4.70)

e (&, 7, Pe (7, 3, ), u’) || =

and with (4.69) and (4.70) we obtain

K2L \7!
o ||pe,x (t, 7, P(1,2,), )| > 0 [ 1+ | (t, 7, Pe(T, 2, y), ||
§— KL
K2L \ 'a—-y+KL
0—KL K(a—7)

>0 (1 v 1P(r 2, )] 70,
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For v/ € (8 4+ KL,a — KL) with o' >+, there is a T > 7 with

K2L \ 'y-B8-KL ,
v (=) y(t—T)
(14 555z) TR Pl > qe

for all t > T and it follows

o || pe(t, 7, Pe (7, 2,9),u®) || > Q") for all ¢t > T

After this preparation we can lift the result to the original system. Recall that the
cone with angle w around X (t) is defined by

K (X(t))_{v+wE]Rd- UEX(t)’wERd with (v',w) =0 for all v' € X () }
w - .

and [Jw|| < w||v]|
Proposition 4.3.4 For every w > 0 there exists an é(w) € (0,*] such that for every
e € (0,&(w)] there exists a neighborhood W C RY of 0 such that for all T € Rp €
W\ Y¢(1) there is T > T such that

o(t,7,p,u’) € K,(X(t)) for allt >T.

Proof. According to Lemma 6.2.10, for every ¢ € (0,&*] there is a neighborhood
W (e) C R¢ of 0 such that for all p € W (e) we have

plt,,p,u”) = F O (t, 7, F)p,w') = F - (O)pe(t. 7, F(t)p, u’) for all ¢ > 7.
According to Lemma 6.2.13, for w > 0 there exists a x > 0 such that for all t € R

FO{(z,y) € X xY = |ly| < sllzll} € Kuo(X(1)
F ) {(z,y) € X x Y« |z <rllyl} € Ku(Y(2).

From Lemma 4.3.3 we obtain an (k) > 0 such that for every ¢ € (0,¢(x)] and every
T €R (z,y) € X xY \ V() there is a T > 7, such that

pe(t, 7z, y,u%) € {(2,y) € X XV : [|y[| < klz} for all £ > T.

We define é(w) := e(k) and denote W := W (e) for € € (0,€(x)]. Then for every 7 € R,
p € W\ Y°¢(1) there is a T > 7 such that

P, 7,p,u’) = F (tpe(t, 7, F(t)p, u’)
e FH(t) {(z,y) € X x Y ¢ |yl < mllell} € Ku(X (1))

foreveryt >T. m
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4.3.2 The Linearization Theorem

In the following we characterize control sets of the nonlinear system (4.60) via the
eigenspaces of the linearized system. For that purpose we assume, that i x R? =
Vi ®...0 YV, with V; given by Theorem 1.2.7 such that

dimV; =1 and 0 € int X7, (Vy),
Sy(Vi) CR fori=2,...,L

and
ELy(Vl) N ELy(Vz) = @ for i = 2, .. ,l. (471)

The assumption (4.71) guarentees, that then every periodic control function (such that
the corresponding Lyapunov exponents are not 0), has a local unstable fibre bundle.

Notation:

For g € S we denote by u, € U the corresponding periodic and piecewise constant
control function with period @4 (cf. Section 1.2.1). Then we can apply the reduction
process from Section 6.2 on the differential equation

z = fo(z) + Z ug i (t) fi(x).
i—1

We will now supply the resulting objects (for example the stable and unstable fibre
bundles) with subscript 4. We denote by og1,... ,04 4 the eigenvalues of an element g €
S where we enorder the eigenvalues corresponding to their multiplicities. The Lyapunov
exponents of the corresponding linear differential equation with control function wug
are A(ug) = {Re(1no;g),i = 1,...,d} (compare Section 6.2.1). We numerate the
Lyapunov exponents, such that A\g; = Re(% Ino;4) and

)\g,l > )\g,g > .2 >\g,d-

We suppose from now on, that the Lyapunov exponents ), ; and the eigenvalues o, ; are
ordered in this way. We denote by E(c,;) = E()g,;) the corresponding generalized real
eigenspace of g which belongs to 04;. Note that we have

X4(0) = E(0g,1) and Yy(0) = &L, E (),
where the sets X (t) and Y,(t) are defined as in (6.27).

Theorem 4.3.5 Consider the nonlinear control system

b= fole) + X0 i (2) £i(a) W)
veU={u:R—=>R" u(t) €U for a.a. t € R, locally integrable} )

where U is a compact and convez subset of R™ and fo,... ,fm are C? wvector fields
on R. Suppose that for all (u,z) € U x R? the equation (4.72) has a unique solution
o(t, 7,z,u),t, 7 € R with o(1,7,z,u) = z. Assume, that following properties are satisfied.
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(1) The nonlinear control system (4.72) has one singular point z* = 0 € R%, and is
Lie-determined such that R% \ {0} and {0} are mazimal integral manifolds.

(2) The projected system (4.63) fulfills the Lie algebra rank condition (4.64).
(3) Let U xR =V, @ ... ® V), defined as in Theorem 1.2.7 such that

dimV; =1 and 0 € int X1, (V1),
ELy(Vi) CR fori=2,...,1L.

and

LyWVi)NEry (Vi) =0 fori=2,...,1.

(4) There is a neighborhood V. C R% of 0 such that for every z € V \ {0}, € R and
every piecewise constant periodic uw € U the pair (u(t+-),z) is a strong inner pair.

Then there ezist two control sets Ds, Do C R¢ (which could be identical) with non-
void interior such that for all s > 0, all g € int S<; and all w > 0 there is a 6 := 6(w, g)
such that if Ag1 > 0 then

D5 NBy(0) N Ky(E(Xg1)) # 0 and

D N By (0) N Ky(E(Ag1)) # 0 for all o € (0,6) (4.73)

and if Ag1 <0

Ds N By(0) N Ky(E(Ag1)) # 0 or @)
D N By (0) N Ky(E(Ag1)) # 0 for all o € (0,6). '

Furthermore, if Ag1 > 0 there is an € > 0 such that there are p~ € Xé?ﬁ>(0) N Xéj’;(O),

p< € XL _(0) N X[(0) with

{(p(ta 0,p>,ug) 1t < O} Cint D,

{o(t,0,p<,uy) : t <0} Cint D. (4.75)

Proof. First choose uy, uy which correspond to g1, g2 € int S<; for some s > 0, such
that the Lyapunov exponents fulfill

)\1,1 > 0 > /\1’2 > .. "\1,d and
)\2,1 > 0 > )\2’2 > .. .AQ’d.

Then, by Theorem 4.2.5, there exists a neighborhood W C R¢ and four control sets
D;~,Dj;.C R4, j = 1,2 with nonvoid interior such that for every 7 € R we have

{(p(taoap>,jauj(7' + )) 1t < O} C int Dj’>
for every ps ; € X}ZC(T) with ps ; € X}’ogf>(7') NW\ {0} and

{p(t,0,p< j,ui(T+-)) : t <0} Cint D <
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for every p. ; € X},"EC(T) with p. ; € X},"Ef<(T) NW\ {0} for j = 1,2. In particular, we
obtain

¥ €cl D1,> Ncl D1,< Ncl D2’> N C1D2’<.

Next we show Dy » = Ds - and D1 « = Dy .. We denote by 0 1,... ,0; 4 the eigenvalues
of gj,j = 1,2. By Lemma 6.2.14, for every w > 0 there is an e(w) > 0 such that for
j=12
X<t
V()

C K,(X;(t)) and (4.76)
C K, (Y;(t)

for all € € (0,e(w)] and t € R.
The projected system (defined as in (4.63)) has chain control sets E,... , E; which

are ordered according to the decomposition Vi,...,V;, i.e. dimFE; = 1. Denote by
Dy < ... < Dy =: C the main control sets of the projected system with c1C = Ej.
Since g; € int S<s and ;1 > A j for j =2,... ,d,i = 1,2 we get

]P)E(O'Ll) € int C,
]P’E(O’QJ) €intC

Thus by Proposition 1.2.14 it follows

E(01,1) N ®f_5E(02,5) = {0}, (4.77)
E(02,1) N @®F_,E(01,5) = {0}.
If we define X;(¢) and Y;(¢) as in (6.27) then we have

Xi(0) = E(0i,1),
Y;(0) = @5 E(0i)-

Thus by relation (4.77) we get

Choose w > 0 such that
(4.78)

Hence by relation (4.76)

X[%¢(0) N Y§E(0) = {0} and
X3°¢(0) N Yiec(0) = {0},
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for € € (0,e(w)). Because of (4.78) we have two possibilities. Either

X[E(0) N XE L (0) € A3 (0),

x1o(0) 1 0% _(0) € A _(0), (479)

or
X{5E(0) N X% (0) € A% (0),

Xll?gc(o) N Xll?5<(0) - X2l?50,>(0)-

(4.80)

If relation (4.80) holds, then we interchange the notations of Xllf’f’> and Xllf’f’ < such that

relation (4.79) holds. After making this notational modification we can find
pr< € Xl _(0) N X1 (0) with py < € XL _(0),
p1> € X5 (0) N ALE(0) with pas € A7 (0).

Now there are two more possibilities: Either

A36(0) N A5 (0) € i (0),

XE(0) N A (0) € K (0), s

or

255¢(0) N X5 (0) € 1% (0),

XQl?gc(O) N le,of,>(0) C Xll?50,<(0)-

(4.82)

If the relations (4.81) hold we can find

p2> € X525 (0) N A3E(0) with po,> € X7 (0),
P2.< € X3 (0) N A5(0) with py < € X1 _(0).

Thus by Theorem 4.2.5 case (1) it follows, that D; « = Dy « and Dy = Dy~ and the
relation (4.75).
If relation (4.82) is valid, then we can find

p2,> € X% (0) N X5E(0) with py > € X[ _(0),
Pa,< € XL (0) N XLE(0) with py« € XV (0).

Thus by Theorem 4.2.5, case (10), it follows, that D; « = Dy « and Dy = Dy and
the relation (4.75).
Now define

De:=D1 <« =Dz and D5 :=D; 5> =Dy

We have shown that for every s > 0,g € int S<5 with Ag; > 0 there is an € > 0 and
p> € X% (0) N XLE(0), p< € XL (0) N XJE(0) with
{Qo(taoap>’ug) 1t < 0} C int D+,
{(p(t705p<,ug) 1t < O} C int D<.
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From relation (4.76) we get that there exists e(w) > 0,w > 0 such that
Xore (0) C Koy (X(0)) = Koo(E(Ag,1))

for all € € (0,e(w)] and relation (4.73) follows.

Next we show the relations (4.74). For some ¢ > 0 choose g1, g2 € int S<; and denote
by w1, us € U the corresponding piecewise constant and periodic control function with
Lyapunov exponents

)\1,1 > 0> /\1’2 > ... > )\Ld and
0> A1 >X22>...2 )\27(1.

We denote the local stable and unstable fibre bundles corresponding to g; by X}"’EC and
yjl.f; for e € (0,€;],7 = 1,2 (where £; is defined as in Proposition 6.2.11).

By Proposition 4.3.4 for every w > 0 there exists an e(w) € (0, min{é;,é2}] such
that for every e € (0,e(w)] there exists a neighborhood W C R? of 0 such that for all
TeRpe W)\ yé‘:f(T) there is a T' > 7 such that

o(t,1,p,u’) € K,(Xao(t)) for all t > T (4.83)
Because X1(0) NY2(0) = 0 we can choose w > 0 small enough, such that
A% (0) N V52 (0) = {0}

for all € € (0,e(w)). Now by the general Existence Theorem 3.7.1 for all € € (0, e(w))
there is a p € Xllf’f(O) N W such that

©(t,0,p,uz) € int D for t > 0 and (4.84)
©(t,0,p,u1) € int D for t < 0. (4.85)

Because of (4.85) it follows, that D = D+ or D = D.. Thus by (4.83) there isa 7' > 0
such that

o(t,0,p,uz) € K,(X(t)) forallt > T

By periodicity of X () it follows that there is a 6 = o(w, g2) such that for every o € (0,5)
we can find a ¢ > T with

¢(t,0,p,u2) € B5(0) N Ky(X (1)) = Bo(0) N Ku(E(A,,))
and relation (4.74) follows because ¢(t,0,p,u*) € int Ds or €int Do fort > 7. m

For illustration of the preceding theorem consider Figure 4.10. For some g €
int S<s,s > 0, with Ay 1 > 0 it shows the corresponding eigenspace E(), 1) of the biggest
Lyapunov exponent. Theorem 4.3.5 states that for a given cone K, (E()\g,1)) around
E(X\g1) we can find a ball with radius ¢ > 0 such that D~ N B,(0) N K,(E(X\g1)) # 0
and DN By (0)NK,, (E(Ag,1)) # 0. Choosing w sufficiently small, we see that the control
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Figure 4.10: The cone K, (E()g,1)) togther with the control set D and D..
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sets actually gets arbitrary close to E(Ag,1). The trivial case, where E()g1)NB,(0) C D«
is also included.

If we denote by C C P41 the main control set of the projected system with 0 €
int X7, (C), then because g € int S<,, we have PE()y1) € C. Thus by Corollary 4.3.1 the
control sets D~ and D. are actually 'tangential’ in a Lipschitz way to the controllability
regions K of the linearized system.



Chapter 5

Examples

In this chapter we want to apply the results of the previous chapters tp two control
systems with a singular point at the origin.

First we consider the Duffing-van der Pol oscillator, which we turn into a control
system by perturbation of one parameter of the equation. We observe that for small
control range the system does not possess a control set with nonvoid interior near the
origin. This can be explained by Theorem 2.1.4, because the Lyapunov spectrum of the
system has only negative values.

If the control range exceeds a certain level, then we get positive Lyapunov exponents.
By applying Theorem 4.1.12 we conclude that there are two control sets with nonvoid
interior such that the origin lies in their closure. This theoretical result is illustrated by
numerical computation of the control sets.

We were able to compute the Lyapunov spectrum of the Duffing-van der Pol oscil-
lator analytically, because it is a two-dimensional system. For the second example, the
perturbed Lorenz equation, this is not possible, because it is a three-dimensional system.
But for showing the existence of control sets we do not need the whole Lyapunov spec-
trum. For the perturbed Lorenz equation we compute the eigenvalues of the linearized
system, corresponding to constant control functions. Then it turns out, that there are
constant control functions such that the assumptions of the Existence Theorem 4.1.12
are fulfilled. We conclude that there are control sets with nonvoid interior near the
origin and compute the control sets.

5.1 The Duffing-van der Pol oscillator

Consider the deterministic Duffing-van der Pol oscillator

T=y
y:ax—ﬂy—w3—m2y

with a, 8 € R It exhibits non-degenerate local and global bifurcation behavior. The
Duffing-van der Pol oscillator is important for modeling physical phenomena. Since its

127
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nonlinear structure is relatively simple, its local and global bifurcation behavior has
been studied in depth, cf. for example Guckenheimer and Holmes [15].

If we perturb the parameter o time variant, then this can be interpreted as a control
system of the following form

T=1y
{ §=(a+ut))z— Py —a® -’y (5.1)
u€U,:={u:R—=R:u(t) €U, for a.a. t € R, locally integrable}

where U, = [—p,p] C R is compact, and p € [0, p™*] for a p™** > 0 and with the
parameters a, 8 € R fixed. The control range U, models the intensity of the allowed
perturbations.

The control system (5.1) has the singular point
r* =0¢eR?
which is independent of the parameters « and S.
In the following we want to investigate for given a, 8 € R if there are control sets
near the singular point 0. This will depend on the chosen p € [0, p™2*] which determines
the intensity of the perturbations by U,. We will apply the Theorems 3.7.1 and 4.3.5

to get the existence of control sets D C R? with nonvoid interior and z* € cl D and will
verify the results numerically.

Before we can apply theses Theorems, we have to verify, that the control system
(5.1) really fulfills the assumptions of these Theorems.

We first show that the system (5.1) is locally accessible on R? \ {0} for all a, B € R.

If we use the coordinates with respect to the canonical basis 3%1, 3%2 in the tangent

space of R%, the system (5.1) can be written in the form

T = fo (.’II) + ’U,(t)fl (.’II) (5 2)
u€U,:={u:R—=R:u(t) €U, for a.a. t €R, locally integrable} '

with
folz) = 332% + (azy — f— a3 — olzo) 52
f1 (117) =T %.
We have to verify the Lie algebra rank condition
dim Az 4(z) = 2 for all z € R? \ {0},
where
LA:=LA{fo+uifi:ueU}

is the Lie algebra spanned by the vector fields fo and fi. This means, that we have to
show that

dimspan{ad}, f; : k € Ny and 4,5 € {0,1}}(z) = 2 for all z € R* \ {0}. (5.3)
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Remark 5.1.1 We repeat here the definition of the ad-operator for completeness. If we
have two smooth vector fields X and Y on a smooth m-dimensional manifold M, then

ad} Y =Y and ad% Y = [X,ad% ' Y] for k > 1.

Here [X,Y] denotes the Lie bracket of the two vector fields X andY . If we have X(z) =
Yoy ai(x)a%i and Y (z) = ﬂ,(m)aimz in local coordinates with smooth function «;,f; :
M — R, then

X, Y)@) =) [Z (cs(a) 32 ) - ) 2 <w))] 5

j=1 Li=1

For notational convenience and for better readability we identify = with 6%1 and y

with % and write the system (5.2) in another form:
2

(5)=0(y)rwon(}) o

u€U,:={u:R— R:u(t) € U, for a.a. t € R, locally integrable}

with

By computing

x —z
adg, /i ( y ) N ( y—xb+ 23 )
one easily sees, that

dim span{ fo, f1,ady, fl}(x,y)T = 2 for all (x,y)T € R?, (z,y) # (0,0).

This means, that the Lie algebra rank (5.3) condition is fulfilled for all (z,y)? €
R?, (z,y) # (0,0). Thus the system (5.4) is locally accessible from all points in R?
except for z* = (0,0)7.

Next we show, that for all v € intU,,p > 0 and all (z,y) # (0,0) the pairs
(u, (z,y)T) # 0 are strong inner pairs. For doing this, we fix v € U and define

f(ZIC):: ( (a+U)$+5yy—w3—:v2y>'

We have to show, that the controllability rank condition

dim span{(f, adl}fl) k=0,1,... }z,y)T =2 (5.5)
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is fulfilled (cf. Proposition 1.1.18 and Corollary 1.1.19). We compute

iy fion) = (s )

Then we have to look at the following three different cases.

e For (z,0) e R2,z #0

dimspan{f,ad f1}(z,0) :dimspan{( : o ) ( — )} —2.

a+tu)r—z —zb+ 23

e For (0,y) e R*,y #0

dimspan{f,ad; f1}(0,y) = Span{( ﬂyy ) ( 2 )} _9.

e For (z,y) € R?, (z,y) # (0,0)

dimSpan{flaadf fil(z,y) = Span{( 2 ) < y —;E—bx_|_ 3 >} = 2.

Thus the controllability rank condition (5.5) is fulfilled for all (u,(z,y
R?, (z,y) # 0. With Proposition 1.1.18 it follows, that all (u, (z,y)) € U, x
0,u € int U, are inner pairs.

Furthermore these (u, (z,y)) are also strong inner pairs: Note that for every T >
Oand every (u,(z,y)) the pair (u,p(T,0,z,y,u)) fulfills the controllability rank condi-
tion (5.5). Thus by Proposition 1.1.18 it follows, that ¢(T,0,z,y,u) € int O (z,y) if
u € intU,. Because we can choose T' > 0 arbitrary it follows, that ¢(t,0,z,y,u) €
int O (z,y) for all £ > 0. In particular it follows, that for every v € U which is
piecewise constant and with u(t) € intU for all ¢ € R we also have that for every
(z,y) € R%, (z,y) # 0 the pairs (u, (z,y)) are strong inner pairs.

) € U, x
R?, (,y) #

Next we compute the Lyapunov spectrum of the system (5.1). If the projected
system on P! has two main control sets, then the Lyapunov spectrum consists of the
eigenvalues of the linearized system for constant controls (cf. Theorem 1.2.12). Note
that the Theorem 1.2.12 is only valid for systems in R2.

If we linearize the perturbed Duffing-van der Pol equation (5.1) at the singular point
z* = (0,0) we get the bilinear system

(5)=a(7)ron(3) oo

u€U,={u:R = R:u(t) €U, for a.a. t € R, locally integrable}
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with

A(]::(g ;) andAlzz((l) 8)

Note, that the eigenvalues A1 2(u) for u € U, of the right hand side of (5.6) are given by

1 1
)\1’2(’11,) =-b=x 5\/ b2 + 4.(0, + ’U,)

2

Instead of computing the projected system on the real projective space P! it suffices to
consider the projection of (5.6) onto the sphere S!. This is given by

$ = ho(s) + u(t)hi(s)

with
hi(s) == [A; + sT Ajs - id]s.
We obtain
ho(s1, 53) = ( —51(5182 + as159 + ﬁs%)2 + 9 ) ,
as) — s2(s182 + asis2 + fs5) — Bs2)
ha(s1,89) = ( 31—53531233 )
and get

( §1 ) _ ( —s1(s152 + as152 + B53) + 52 — 5752 ) ( 51 ) . (587

$9 as] — s2(8182 + as182 + Bs3) — Bsy + 51 — 5155 S

The sphere S! can be parametrized by a curve [0,27] — S%,t — (cos(t),sin(t)). If
we set s(t) = (s1(t), s2(t)) = (cos 6(t),sin §(¢)) we obtain

51\ [ cos?6(—sind —asind + b— u(t)sind) —bcosd +sind s1
S0 ) (14 a+ u(t)) cos® § + bcos? §sind — cos § s )’

By differentiating it follows that

0= (789 i~ (28 )i

Then by substitution we get the control system

6= (1+a+u(t)cos2d +bcosdsind =: g(5, u(t))

ueEU,={u:R = R:u(t) €U, for a.a. t € R, locally integrable}. (58)

on [0, 27).
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Consider the set
M := {6 € [0, ) : there are ui,us € U, with g(d,u1) <0 and g(6,u2) > 0}.  (5.9)

The main control sets of the projected system on S! are represented by intervals I C M.
For each 0 € I one can find a control value u; € U, such that g(d,u1) > 0 and a control
value uy € U, with g(d,u2) < 0. Thus we can steer from every point of this interval
to every other point. If M consists of two disjoint intervals, then the projected system
(5.8) has two main control sets, and if it consists of only one interval, it has one main
control set.

After these general results, we consider the perturbed Duffing-van der Pol equation
(5.1) with

1
= —— = —2
«a 4,b ,
: max 6
U, = [—p, p] with p™® = R

First we want to compute the Lyapunov spectrum of the associated bilinear system.
In Figure 5.1 we have computed for each ¢ € [0, 7] the set

{9(6,u) : u € UP}.

Thus we get, that for p € [0, 2) the set M defined as in (5.9) consists of two intervals,

which means, that the projected system has two main control sets D’ffpoj ,Dg::j . For
35

p € (7, 3), the set M consists of only one interval, hence the projected system on P! has
only one main control set D5™.

Since there are two main control sets for p € [0, %), according to Theorem 1.2.12 we
can calculate the Lyapunov spectrum by determining the eigenvalues of the right hand
side of the bilinear control system (5.6) for constant controls, i.e.

L1y = 1y (DY) U Sy (DY)

1
= {—1 + 5\/3+4u tu € [—p,p]}
1 1 1
= [-1-3VB—4p,—1— 3+ 4| U[-1+ 3\/B—dp,—1+ 3+ 1.

We show that for the linearized control low T® on U4 x R? there are two invariant
subbundles Vi,V withUf x RZ2 = V; @ V, and

SLy(DV7) = B1y(V1,,) and By (DY) = Sy (Va,p).- (5.10)
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U=[-0.1,0.1] U=[-0.2,0.2] U=[-0.3,0.3]
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U=[-0.404] U=[-0.505] U=[-0.60.6]

U=[-0.7,0.7) U=[-0.8,0.8] U=[-0.9.0.9]

U=[-1.0,1.0] U=[-11L1] U=[-12.1.2]

Figure 5.1: Control sets of the projected system.
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Figure 5.2: The Lyapunov spectrum of the Duffing-van der Pol oscillator for p € [0, 2)

and its inner approximation for p € [%, % )
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Note that the spectral intervals Xy, (D} "%7) and Sry(DY "%7) do not overlap. Suppose,

Lp 2,p /| )
that there is one chain control set E, C UxP' with D"’ DY"™ C E,. Then ac-

cording to Theorem 1.2.12 it would follow, that Xa(E,) = ELy(D{’,Tpoj) u ELy(Dg,Tpoj).
But ¥ar0(E,) = Y1y must be a compact interval, which is a contradiction, because
Sy (DY) Huxn y(D5) 7) is not an interval. Thus there are two chain control sets i,
and Es , with Df, ’;oj C E?,i = 1,2. The chain control sets E; , and E5 , correspond to
two subbundles V; ,, Vs, with U x R2 =V , ® Vs, and the relation (5.10).

In Figure 5.2 we have drawn the Lyapunov spectrum of the linearized system (5.6)
for the interval p € [0,3). We also have drawn the real parts of the eigenvalues for
constant controls for p € [%, 2] Note that these computed intervals may not be the
Lyapunov spectrum Yr,, but only an (possibly too small) approximation. Because for
p € (3,2] the projected system (5.7) has only one main control set D7 (cf. Figure
5.1), it is not enough to compute the eigenvalues of the linearized system for constant
controls for determining the Lyapunov spectrum (cf. Theorem 1.2.12).

The numerical computations of the control sets in the Figure 5.3 and 5.4 where made
with the program CS from Gerhard Hackl. A description of the underlying algorithm
can be found in [16], [17], and in Appendix C of [9].

As we see in Figure 5.2, for p € [0, i) the Lyapunov spectrum has only negative
values. By Theorem 2.1.4 it follows, that there is a neighborhood around the singular
point, in which there is no control set with nonvoid interior. Thus in the pictures in
Figure 5.3 for p = 0.1 and p = 0.2 there are no control sets. In fact, for every constant
u € U, the corresponding differential equation is locally asymptotic stable at the origin.
The grey cones in the picture are the eigenspaces of the linearized system (5.6), if we
apply constant control functions u € U,. For every u we get two real eigenvalues. The
eigenspace corresponding to the larger eigenvalue lies in the horizontal cone, and the
eigenspace of the smaller eigenspace lies in the vertical cone. If one projects the vertical

cones onto the sphere, then we get the control set D' 7 and if we project the horizontal

cones onto the sphere we get the control set Dg,rpo 7
For p = i we can not make a statement about the existence or nonexistence of control
sets near the singular point. This comes from the fact, that the Lyapunov spectrum X,

has for this p-value the form ¥, = [-1— @, —1JU[-1+ @, 0]. We do not have the case
where X7, < 0 or 0 € int X1, which we would need to be able to apply the Theorems in
Chapter 2, 3 or 4. Numerical investigations let us believe that for this example, there is
no control set with nonvoid interior and x* in its closure. At the moment it is an open
question, if in the case, where 0 is just the upper boundary of the Lyapunov spectrum
of a nonlinear control system, there is a control set near the singular point or not.

For p € (i, %), the perturbed Duffing-van der Pol oscillator and its spectrum actually
fulfill the assumptions of Theorem 4.3.5, because we have 0 € int¥z,. Thus we can
conclude, that there are two control sets D~ , and D, , with nonvoid interior and
z* € clDs ,NclDc,. In Figure 5.3 we have computed these control sets, which are
the small leafs emerging from the origin. Note, that here in this example D , and
D, do not coincide. Coincidence of the control sets D , and D- , does not follow
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Figure 5.3: The control sets of the perturbed Duffing-van der Pol oscillator.
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U=[-0.9,0.9] U=[-1.0,1.0]
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Figure 5.4: The control sets of the perturbed Duffing-van der Pol oscillator.
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from Theorem 4.3.5 or Theorem 4.2.5, because these Theorems make only local results
around the singular point z*, and give us the existence of the two control sets.

The grey cones are the eigenspaces of Ag+uA; for u € (—p, p). The horizontal cones
which intersect the control sets D~ , and D, , correspond to eigenvalues of the spectral
interval Xry(Vs,,) with 0 € int ¥z, (V>,,). These cones are in fact control sets for the
bilinear system (5.6), see Corollary 4.3.1. Their projection on the projective space Pt
form the control set Dg:;’] of the projected control system (5.7). Thus the pictures
show, that here the control sets of the linearized system look locally like the control
sets of the nonlinear system. As proven in Theorem 4.3.5, the local unstable manifolds
corresponding to positive Lyapunov exponents lie in the interior of the control sets.

The other two vertical cones correspond to the eigenvalues of the spectral interval
Yry(V1,p) which has only negative values, i.e. Xr,(V1,) C R™. The bilinear control
system (5.6) is not controllable in these cones according to Corollary 4.3.1. The projec-
tion of these cones onto the real projective space P! form the control sets szjpoj for the
projected system (5.7).

For p = % it is not clear, if there are still two main control sets for the projected
system, or if these two control sets are melt together to form a new control set. For
U= %, the right hand side Ag+uA; has the eigenvalue —1 with corresponding eigenspace
E(—1) = R%2. Thus we now do not draw the grey cones for the eigenspaces of the
linearized system (5.6), because they would fill the whole plane. The projected control

system (5.7) has only one chain control set E, with E, = R?.

Now for p € (%, g], we see in Figure 5.1, that there is only one control set Df,’mj c P!

for the projected control system (5.7). By Theorem 1.2.12 the eigenvalues of the right
hand side of the bilinear system for constant v € U, are just an approximation of the
Lyapunov spectrum. Thus for p € (%, %] in Figure 5.2 we have not drawn the Lyapunov
spectrum but only an inner approximation. In the Figures 5.4 we have not drawn the
grey cones anymore. There are control values u € U, for which the matrices Ay+uA;
have complex eigenvalues. Thus the corresponding generalized real eigenspaces are R?.

Because there exist control sets with nonvoid interior for p € (i, %) it follows, that for
pE [%, %) we have control sets D~ , and D, , with nonvoid interior. Thus in this case,
we do not have to use the Theorem 4.3.5 to get the existence of the control sets because
the control set Dy and D » for p' € (i, %) are included in them. But their existence
would also follow from this Theorem. For p > 0.9 one investigates, that the control sets
D , and D, , are melt together to one control set D,. Numerical investigations for
pE [%, 0.9] did not show, if the control sets D , and D, , coincide, i.e. if the two leafs
melt together. Here the numerical algorithms (and the Theorems in this book) are not

accurate enough.

5.2 The Lorenz Equation

The Lorenz equation serves as a finite dimensional model of the Rayleigh-Benard con-
vection [28]. It is a classical example of a system with complex dynamics and is given
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by
z o(y —x)
gy |=| pr—y—zz |. (5.11)
Z —Bz+ zy

with parameters o,p,6 > 0. For a time variant perturbation in p the system was
examined in [9] Chapter 13.2. Here we consider a time variant perturbation of the
system (5.11)

T
?J = fO(-T,y,Z) +Z§:1 ’U,i(t)fi(l',’y,Z)

z
u = (ur,uz,u3) EU ={u:R =R :u(t) €U for a.a. t € R, locally integrable}
(5.12)

with a compact subset U C R? with nonvoid interior and

oy —x) 0
fo(z,y,2) == | pr—y—x2 filzyy,2) = | z—y+=2
—Bz+zy —z
z 0
fQ(xayaZ) = 0 f3(xayaz) = 0
rT+y—=z z

The system was constructed in such a way, that we can apply the existence Theorem
4.1.12 and verify the results numerically.
This system has the singular point

z* = (0,0,0)T € R3,
We will show that the perturbed Lorenz system (5.12) has for certain parameters

p,0,B and a certain control range U a control set D C R3? with nonvoid interior and
z* € cl D by applying Theorem 3.7.1.

Before we can apply this Theorem, we have to verify the assumptions of this The-
orem. First we show, that the system (5.12) is locally accessible on R3 \ {0} for all
o,p,8 > 0. This means, we have to check if the accessibility rank condition

dimspan{adl}i fi:k€eNy and 4,5 € {0,1,2,3}}(z,y,2) =3 (5.13)
for all (z,y,z) € R®\ {0} is fulfilled. Tt turns out, that

dimspan{ fo, f1, fo, f3,ady, fi,ady, fo}(z,y,2) =3 for all (z,y,2) € R3 \ {0}. (5.14)
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To verify this we have computed the following Lie brackets

—o(z —y+ 2)
adyg, fi(z,y,2) = | oly—z)+z(1—p)+ay+2(1-08)+zy |,

—z(z—y+2)
0
0

In the following we have written down the vector fields for the different points in the
state space, which one needs to verify (5.14).

e For (z,0,0)T e R®,z#0
dimspa‘n{f(Jaflan} (x,0,0) =3.

For (0,y,0)" € R,y #0

dimspa‘n{f07 fla f2} (07 Y, O) =3.

For (0,0,2)T € R3,2z #0
dimspan{flaf23f3} (Oa 0,2) =3.

For (z,y,0)" € R?, (z,y) # (0,0)

dimspa‘n{fla ana'dfo ana‘dﬁ f2} (.’E,y,O) =3.

For (z,0,2)" € B, (z,2) # (0,0)

dimspa‘n{fla f?a f3aa‘df1 f2} (!E,O,Z) =3.
For (0,y,2)" € R?, (y, 2) # (0,0)

dimspan{fo, fla f25f3} (O,y,Z) =3.

o For (z,y,2)" € R?, (2,y,2) # (0,0)
dimspan{fhf%.f& adfl f2} (‘T’yaz) =3.

Now we choose

8 3
a=4,ﬁ=§,p=1and

U =[-0.8,0.8] x [-0.6,0,6] x [-0.2,0.2] C R®.
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We will show, that for all w € int U and all (z,y, 2)T € R®\ {0} the pairs (u, (7,y, 2))
are inner pairs. For u € U we define

3
f(CE,y,Z,U) = f()(-’L',y,Z) + Zui(t)fi(xayaz)'
i=1
By Proposition 1.1.18 we have to check if the controllability rank condition
dim span{(f, ad]}fi) i=1,...,3,k=0,1,... Hz,y,z,u) =3 (5.15)
is fulfilled. It turns out that

dimspan{f, flanaf3aa‘df anadf f3}($7yazau) =3

for every (z,y,z)T € R3\ {0} and every u € U. For verifying this we have computed
the following Lie brackets with Maple

zy +2(0 — f — u3)

ady fo(z,y,2) = z(z+y—z—u1) —wy+2(z - p)
2(—y—z+pP+p—o+u +uz)+y(—l—z+—u +B+u3)+uz

ugz
a'df f3($ayaz) = ( —Z(.’E - ul) )
—z(y + u2) — ugy

As above we have to consider the following cases.
e For (z,0,0)1 e R®, 2 #0
dimspan{f, fla f?} (37, 07 Oa ’LL) =3.

For (0,,0)” € R3,y #0

dim Spa‘n{fa fla f2} (07 Y, Oa U) =3.

For (0,0,2)T € R}, 2z #0
dimspan{flaf?af?)} (0,0,Z,U) =3.

For (z,y,0)T € R3, (z,y) # (0,0)

dimspa‘n{fa fl’a'df fZaa'df f3} (‘T’ya O,U) =3.

For (z,0,2)T € B, (z,2) # (0,0)

dimspan{f, fla a'df f27 a‘df f3} (:I’" 0, Z,’U,) =3.
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e For (0,y,2)" € R3, (y,2) # (0,0)
dimspan{f, f1, fo, f3,ady f3} (0,9, z,u) = 3.
e For (z,y,2)T € RS, (z,y,2) # (0,0,0)
dimspan{f, f1, f2, f3,ady fo,ady f3} (z,y, 2z,u) = 3.

Thus the controllability rank condition (5.5) holds for all (u, (z,y, 2)T) € U xR3 with
(z,y,z) # 0. With Proposition 1.1.18 it follows, that for all (z,y,2z) # 0 and u € intU
the pairs (u, (z,y,2)7) € U x R® are inner pairs and therefore (u, (z,y,y)") are also
strong inner pairs.

By linearizing the nonlinear control system (5.12) at the singular point z* we get
the bilinear control system

T —0 o Ug T
:l) = p + Uy U1 — 1 U ) (5 16)
z Ug Ug —B —ug — u3 z ’

u€U={u:R— R:u(t) €U for a.a. t € R, locally integrable}

For getting the existence of a control set D C R?® with nonvoid interior by The-
orem 4.1.12, we have to find two periodic control functions v, u® € U such that the
corresponding Lyapunov exponents fulfill

0 >A>X>A and

M 0 > AR > AR, (5.17)

To make things easier, we consider only constant control functions. Here it is not
necessary to calculate the exact Lyapunov spectrum. The matrix on the right hand
side of (5.16) has three eigenvalues \;(u) € R,i = 1,2,3 for u € U. By numerical
computation with the program Maple we get the approximative results

() : u € U} ~ [~0.6536, +0.1523],
{Mo(u) :u € U} = [-3.7501, —1.8899],
(Na(u) : u € U} ~ [-5.5018, —3.8240)].

by discretizing the control range U. Since {\;j(u) : w € U} N {Aj(u) : u € U} = ( for
i # j, the eigenspaces E(\;(u)) are onedimensional. Since 0 € int{Reo;(u) : u € U},
there is a constant control function u"* € U such that M > 0 and M}, M} < 0. There
is also a control function u® with A} < 0. By Theorem 4.1.12 we conclude, that the
perturbed Lorenz system (5.12) has two control sets D and D~ with nonvoid interior
and z* € cl Ds Ncl De.

Because we have not computed the Lyapunov spectrum, we can not say, if there
are subbundles Vi, Vo C U x R? with V; @ V, such that Sr,(V1) N S, (V2) = 0 and
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Figure 5.5: The control sets of the perturbed Lorenz equation.

0 € int X7y(V2),Xry(V1) C R™. Thus we can not apply the Theorem 4.3.5 which would
characterize the local behavior of the control sets in relation to the bilinear control
system.

We verified the theoretical result with the program gaio by M.Dellnitz, A.Hohmann
and O.Junge. gaio is a program for computing unstable manifolds and global attractors
of a dynamical system (cf. [10] and [11]). The program and the algorithm was modified
by D.Szolnoki to compute the control sets of a control system, (cf. [31] and [30]). The
result can be seen in Figure 5.5 and Figure 5.6.

In Figure 5.5 and Figure 5.6 we discern two wings emerging from the origin, the
control sets D and D~. The numerical experiments let us believe, that D~ and D
are disjoint control sets. But this is (as it was in the case of the Duffing-van der Pol
oscillator) not proven. Here are the limits of the local analysis of control systems by
linearizing at the singular point.
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Figure 5.6: Another view of the control sets of the Lorenz equation.



Chapter 6

Invariant Fibre Bundles

In this Appendix, we will summarize the results of the qualitative theory of ordinary
differential equations, which we need in this book.

Since the times of Poincaré, the geometric structure of the phase space of autonomous
differential equations was investigated. Connected with this investigations are the fa-
mous Hartman-Grobman theorem and the decoupling of differential equations.

But if we look at a control system and fix a (time variant) control function, then
this results in a nonautonomous differential equation. Hence the classical theory for
autonomous differential equations does not apply. However in the last years there where
attempts to overcome this problem. Here the works of B.Aulbach and T.Wanner (see
for example [6]) are to mention and the work of S.Siegmund [29] on which this chapter
is based.

The first part of this Appendix cites the results of [29] which are relevant in this
thesis and gives us a short introduction into the theory of invariant fibre bundles. We
start by looking at linear differential equations. After having defined the term of the
linear integral manifold, we come to the dichotomy spectrum of a linear system. This
plays a crucial part for the rest of this Appendix. Then we characterize the dichotomy
spectrum of the linear differential equation by the linear integral manifolds (Proposition
6.1.7). The linear integral manifolds can be described by the long time behavior of
trajectories, which itself can be expressed by the term of quasiboundedness.

An interesting question is, if the dichotomy spectrum stays invariant, if we trans-
form the linear differential equation. The result is, that under a so called kinematic
transformation the spectrum stays invariant (Proposition 6.1.9).

Next we come to the nonlinear theory. We consider a class of differential equation of
the form & = A(t)z+ F(t,z) with fixed point 0. Invariant fibre bundles (or integral man-
ifolds) are the generalizations of the stable and unstable manifolds in R? of autonomous
systems. Because for trajectories of nonautonomous systems the starting time is also
important, the invariant fibre bundles lie in the extended phase space R x R%. In The-
orem 6.1.13 we get a first existence result for invariant fibre bundles through 0 and a
characterization by quasiboundedness properties of the trajectories, starting in them.
Intersection of invariant fibre bundles are also invariant fibre bundles (Theorem 6.1.16)

145
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and we get invariant fibre bundles through every point in the extended phase space
(Theorem 6.1.18).

By asymptotic phases one can project trajectories on an invariant fibre bundle.
We compare the original with the projected trajectory. Finally a Hartman-Grobman
Theorem for nonautonomous systems is stated (Theorem 6.1.22).

The second part of this appendix concentrates on the local theory of a special class
of periodic systems. These systems appear for example, if we apply a periodic control
functions to a control affine system.

Now the global results of the first part of this Appendix were only possible, because
we assumed that the right hand side of the differential equation fulfills certain quanti-
tative properties. In general, these properties are not fulfilled. But we can restrict our
given system by a cut-off technique, such that the restricted system fulfills the assump-
tions of the global theory. Hence for the time periodic right hand side we first apply a
Floquet transformation, such that the linear part gets autonomous. Then by restrict-
ing this system by a radial retraction, we can apply the global theory to the restricted
system. The integral manifolds of the restricted system can now be used to define a
local equivalent for the given nonlinear system. We investigate, how these objects are
interrelated, and compare the linear with the nonlinear fibre bundles.

6.1 Global Theory

6.1.1 Linear Theory

Because our aim is to characterize nonlinear differentials equation via invariant fibre
bundles, we first have to understand linear systems. After introducing the concept of
linear manifolds for a linear system, we come to the term of exponential dichotomy
and the dichotomy spectrum. It will be shown, that the spectrum is invariant, if we
transform the linear system by a so called kinematic transformation.

We consider the linear differential equation on R¢
T =A(t)x (6.1)

where A : R —L(R?) is a locally integrable function, with fundamental solution (¢, 7),
t,T €R.

Definition 6.1.1 A nonempty set W C R x R% is called linear integral manifold of
(6.1), if it fulfills the following properties.

(a) W is invariant for (6.1), i.e. we have
(r,n(t,7)z) €W

for all (1,z) € W and all t € R.
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(b) For every T € R the fibre
W(r) ={z eR¢: (1,z) € W}
is a linear subspace of RY.

Linear integral manifolds are in fact topological manifolds in R'*¢ and vector bundles
over R, see Lemma 2.19 in [29]. Thus the fibre dimension and the dimension of the linear
integral manifolds can be defined as dim W = dim W(r) for 7 € R.

The idea of exponential dichotomy is based on considerations on autonomous linear
differential equations £ = Az. If A has eigenvalues with positive and negative real parts,
then solutions can be split into two components. The first component goes in positive
time to zero and the second in negative time to zero. A generalization of this concept
for nonautonomous linear systems is the term of the exponential dichotomy.

Definition 6.1.2 The differential equation (6.1) has an exponential dichotomy if there
exist constants K > 1,a > 0 and an invariant projector P : R —L(R?), satisfying

Int,PEI < Ke ot fory>,
In(t,)id-PE)l < Keat forr >t

Here an invariant projector P : R —=L(R%) is a mapping which consists of projections
P(t) € L(R?) for all t € R and with

P(t)n(t,7) =n(t, 7)P(1) for all t,7 € R
Definition 6.1.3 Consider the linear differential equation (6.1). Then the set
Y(A)={yeR:z=[A(t) —-id]z has no exponential dichotomy}

is called the dichotomy spectrum of (6.1). If there is a constant a > 0 with £(A) C
[—a,al, then the spectrum %(A) is called bounded.

Remark 6.1.4 Note that we defined here the dichotomy spectrum ¥(A) for one dif-
ferential equation & = A(t)x. The generalization of this spectrum for bilinear control
systems is given in (2.2.2) by the dichotomy spectrum Tg;cp,.

The notion of quasi boundedness goes back to B.Aulbach [5]. It describes the expo-
nential growth of functions, and helps us to characterize linear integral manifolds of the
linear system (6.1) and the nonlinear integral manifolds later in this chapter.

Definition 6.1.5 Let d € N,y € R and I C R be a nonvoid interval, and let g : T — R?
be a measurable function. Then the mapping g is called

(a) yT-quasibounded for t — oo, if I is unbounded to the right and the inequality
esssup{||g(t)||e " :t > 71} < o0

is satisfied for a T € 1.
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(b) v~ -quasibounded for t — —oc, if I is unbounded to the left and the inequality
esssup{|lg(t)||le " :t < 7} < o0
1s satisfied for a T € 1.
(c) v*-quasibounded if I=R and the inequality
esssup{||g(t)|le " :t € R} < o0
is satisfied.
The number «y is called exponential growth rate .

To characterize the dichotomy spectrum of a linear differential equation, we have to
introduce the notion of bounded growth.

Definition 6.1.6 The linear differential equation (6.1) has bounded growth if there
are constants K > 1 and o > 0 with

I, 7)|| < Ke®™ 1 for all t,7 € R.

In [29], Satz 2.42 one can find criterions on A, under which the linear differential
equation has bounded growth.

The following proposition shows the equivalence between the bounded growth of a
linear differential equation and the decomposition of the spectral interval into a finite
number of compact intervals. Associated to each interval there is a linear integral
manifold.

Proposition 6.1.7 Consider the linear differential equation (6.1). Then the following
statements are equivalent.

(a) The linear differential equation (6.1) has bounded growth.

(b) The linear system (6.1) has a compact nonempty spectrum
Y(A) =[a1,b1]U...Ulan,by], with1 <n <d

and —o0 < a1 < by <ay < by < ... <ay, <b, < oco. Corresponding to the
spectral intervals, there exist the so called spectral manifolds Wy, ... , W, which
are linear integral manifolds with W; " W; = R x {0} and can be characterized in
the following way

W = {('r 7) ER x RY: n(-, 7)z is vy -quaisbounded for all v € (b;,a;11) }

and 6~ -quasibounded for all § € (b;—1,a;)-

such that we have W1 @ ... ®W,, = R x R%. Here W, & ... ® W,, denotes the
Whitney sum of the vector bundles Wy, ... , Wi,.
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Proof. This follows from Satz 2.37 in Siegmund [29]. m

If our linear differential equation (6.1) is periodic, one can find a transformation,
which transforms the system into an autonomous linear differential equation by Floquet
Theory, see for example G.Sansone and R.Conti [27]. This is done for example in Section
6.2.1. The question is, if such a transformation changes the dichotomy spectrum. The
kinematic similarity transformations are a class of transformations which do not change
the dichotomy spectrum

Definition 6.1.8 Consider two linear differential equation

z = A(t)z (6.2)
and

z = B(t)z (6.3)

with locally integrable functions A, B : R — L(R?). Then the differential equations (6.2)
and (6.3) are called kinematically similar , if there is a solution S : R —gl(R?) of the
matriz differential equation

S = A(t)S — SB(t)

on R, which is together with its inverse R —gl(R%),t — S™L(t) bounded on R. Then A(t)
is called kinematically similar to B(t). The mapping (t,z) — S(t)z is called kinematic
similarity transformation .

The Floquet transformation, which transforms a linear periodic differential equation
into a linear autonomous differential equation is an example for a kinematic similarity
transformation. We get the following result.

Proposition 6.1.9 Consider the linear differential equation
z = A(t)z (6.4)

with locally integrable function A : R — L(R?) and bounded growth. Assume that for a
v € R the linear differential equation © = [A(t) — vid]z has an ezponential dichotomy
with constants K > 1, > 0 and invariant projector P. Denote by [a;,b;],i = 1,... ,n
the spectral intervals and W; the associated spectral manifolds with fibre dimension
d; = dimW;,d1 + ... + dp, = d, which are given by Proposition 6.1.7. Then (6.4) is
kinematically similar to a decoupled linear differential equation

By (t)
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with locally integrable functions B; : R — L(R%),i =1,... ,n and bounded growth. The
linear differential equations & = B;(t)z have the spectrum [a;,b;]. The corresponding
linear kinematic transformation S has the properties

-1 -1
Isol < (v2)" and |50 < (VoK) forattter
Proof. This follows from Satz 3.26 and Satz 3.28 in Siegmund [29]. =

6.1.2 Invariant Fibre Bundles

Now we come to the (global) existence theorem for invariant fibre bundles. Here we con-
sider a class of nonlinear systems, which we get for example by linearizing a differential
equation at a fixed point.

Definition 6.1.10 Let A : R —=L(R%) be a locally integrable function with bounded
growth and spectrum L(A) = [a1,b1] U ... U [an,by] such that A is in blockdiagonal
form

A(t) = diag(A1(t), ... , Ap(t))
with
A; : R - L(R%)
anddi+...+d, =d and
Y(A;) = [ag, bi],i=1,...n.

Let F: R x R — R% be a function which fulfills the following properties:

1. The mapping f(t,-) : R* — R¢ is continuous for almost all t € R.

2. The mapping f(-,z) : R — R? is measurable for all z € RY.

3. For almost all t € R and all z,y € R we have

F(t,0)=0
|1F(t,z) — F(t,y)|| < L(z —y)

with a constant L > 0.
Then the ordinary differential equation
z=A(t)x + F(t,z) (6.5)

is called (reduced) standard system . We denote the solution which starts at time 7 € R
in point x € R by u(-,7,7). We assume, that for all t,7 € R the solution p(t,T,z)
exists.
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Notations
Now we will define useful abbreviations and notations for the standard system (6.5).

R O E; = {0} x ... x {0} x R% x {0} x ... x {0} =% R%
and
E;>(0,...,0,2;,0,...,0) = z; € R%
fori=1,...n. For ¢,j with 1 <i < j <n we define
Eij:={0} x...x {0} x R% x ... xRY% x {0} x...x {0} 2R% x ... x RY
which is the direct product E; @ ... ® E; and
E$ =RY x . x RE1 x {0} x ... x {0} x RE+1 x ... x R

the orthogonal complement of this direct product. For = (z1,... ,z,) € R¥ x... xR
we define

T 1= (:I}Z',...IL‘]')E]RdiX...X]Rdj gEij
and
.TZJ; = (5(21,... 3 Li—1yTjtly--- ,.’I,'n) ERdl X ... x RE-1 x RE+1 x . x R EEZJ]'

We will use in this chapter the maximum norm in R?, i.e. we have

L

il = d‘ = ith z;, € R%*.
|zi;l igl,ggjllwkll an k¢r{1f;fX,}llwkll with zy

]
One can write the standard system (6.5) componentwise in R = E; x ... x E, as

T = Al(t):vl -I-Fl(t,:vl,... ,.’En)
To = AQ(t).'EQ + Fg(t,.’IIl, - ,.’En)

Ty = An(t)$n +Fn(t,xl,' .- amn)

with the component functions F; : R x R — E; of F = (Fy,...,F,). We can combine
for every j € {1,... ,n — 1} the first j equations and the remaining n — j equations to
get a standard system which has two parts

&5 = Ayj(t)zyy + Fi(t, )
Titin = Ajrin)zitin + Fipin(t ).

This kind of system will be of great importance in the next section, where we do not
need a finer splitting.

Choosing the Constants
For getting the global existence of integral manifolds, we first have to fix some
constants. They all have to do with the spectral intervals [a1,b1],... ,[an, by)-
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e For each spectral interval [a;,b;],% = 1,...n we choose a;, 3; € R with
a; < a; and b; < 5,

such that the intervals [a1,f1],... ,[on, 8] are pairwise disjoint and in the hy-
perbolic case (if none of the spectral intervals [a;, b;] contains 0) none of these
intervals contain 0.

e We choose § € R with

O<5<min{a2;'gl,... ,70["_2'8”_1},

i.e. the intervals [o; — 6, 8; + 6], = 1,... ,n are disjoint. In the hyperbolic case,
none of them contains 0.

Finally we choose a K > 1 which depends on these constants, according to the
following lemma.

Lemma 6.1.11 For the standard system (6.5) with spectrum L(A) = [a1,b1] U ... U
[an,by] there is a K > 1 which depends upon the chosen «; and [3; such that we have

lni(t,7)|| < Kefit=) fort >,
Ini(t,7)|| < Ke®=7) fort <,

for every i € {1,... ,n}. For every j € {1,... ,n — 1} we get with the following abbre-
viations
m; = diag(n, ... ,n;) and njt1,n = diag(nj4i,--. ;)

the inequalities

It < Kefit=m  fort>r,
Injt1alt, 7)< Kett1 (=7 fort <7

Proof. See Lemma 4.6 in Siegmund [29]. =

Now we come to the definition of invariant fibre bundles. These are subsets of the
extended phase space R x R,

Definition 6.1.12 Consider an ordinary differential equation
&= f(t z) (6.6)

with a Carathéodory function f : D C R x RY — R*. Then a topological manifold W
C D is called an invariant fibre bundle or integral manifold of (6.6) if it consists of
solution curves, i.e. if for all T € R and all z € R with (r,z) € W the inclusion

(t,u(t,7,2)) € W holds for all t in the maximal existence interval of u(-,7,x). For
7 € R the set W(1) := {z € R? : (1,2) € W} is called fibre of W.
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After having made these definitions, we can finally state the existence theorem for
the integral manifolds of the standard system.

Theorem 6.1.13 Consider the standard system
T = A(t)xz + F(t,x) (6.7)
and suppose, that the inequality
KL<§

holds.
Then there exist two hierarchies

RX{O}CW1C Wl’Q C...CWLHZRXRd
Rx{0}CW,C Wy 1n C...CW,=RxR?

of invariant fibre bundles of (6.7). For j = 1,... ,n — 1 the invariant fibre bundles are
graphs

Wij = {(1,2) ERXR?: mj 1 = 15 = wij(7,215)}
Witin ={(1,2) e R X R? . T = xﬁl’n = Wj+1,0(T, Tj41,n) }

of continuous mappings

. . . — L
W15 : Rx El] — E]—}-l,n __]_Elj
Witin - Rx Ej—|—1,n — Elj = Ej—|—1,n'

Furthermore the following statements are fulfilled:
(a) The integral manifolds a characterized uniquely by
Wi = {(1,z) : u(-,7,z) is ¥ -quasibounded}
Witin =A{(7,2) : p(-,7,2) is v~ -quasibounded}
for every vy € (B; + KL,aj41 — KL).
(b) The following invariance equalities hold for all t € R:

/J‘j+1,n(t77—a IE) = ’U)lj(t,#lj(t,’l’,x)) fOT (T7 iL') € le
p1j(t,m,x) = wipia(t piria(t,7,2))  for (1,2) € Witim.

(c) For all T € R,z,y € R¢ the following inequalities hold:

KQ
lwi; (7, 215) = wi (T, y17) | < 5—=7 215 =yl

K2L
lwj1,0(7, Zj410) = Wit 1a (T, Yjr1m)ll S 5—57 1Bj41m = Yjsrall -

Furthermore we have wij(7,0) =0 and wjq1,,(7,0) = 0.
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Figure 6.1: The integral manifolds manifolds W ; and W, 1 5.

(d) If the right hand side of (6.7) is periodic in t with period ©, then the mappings
wij and wjy1,n are periodic with period ©, too.

(e) Only the trivial solution of (6.7) is contained on Whj; and Wji1 5, i.e. we have
Wi O\ W10 ={(7,0) : 7 € R}.

In other words: The trivial solution is the only one, which is Y= -quasibounded for
all v € (,8] +KL,0j41 — KL)

Proof. See Satz 4.16 in Siegmund [29]. m

Remark 6.1.14 Note, that the definition of the invariant fibre bundles W1j and Wiy »,n =
1,... n—1 is independent of the choice of the a;, B;, K and 6, i.e. the integral manifolds
are unique for the system (6.7). For showing this for k = 1,2 choose

af<ai andﬁf>bi fori=1,...,n,

and &%

k k
O<(5k<min{a’2€_/@{C an_ﬂn_l}
5 e 5
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and choose K* according to Lemma 6.1.11. Furthermore suppose, that KFL*¥ < &%,
where L¥ are two Lipschitz constants according to Definition 6.1.10. Then there exist
the invariant fibre bundles

Wllj ={(r,z) : p(-,7, ) is 7+-quasib0unded}
W}H,n ={(r,z) : p(-,7,2) is v~ -quasibounded}
for all v € (5]1 + KlLl,a}H — K'LY) =: P} and
Wij = {(r,2) : p(-, 7, %) is v -quasibounded}
WJ2+1,n = {(7,x) : p(-,7,x) is v -quasibounded}

forally € (5]2-+K2L2,a?+1—K2L2) =: F?. Now suppose, that for an j € {1,... ,n—1}
we have ﬂ} +K'L' < ﬂjz- + K?L?. For every (1,z) € Wy, we know, that u(-,7,z) is
vt -quasibounded for every v € T''. But then u(-,7,z) is v -quasibounded for v € I'?,
because then vy > ,@11 + KL, Therefore (1,z) € W12j and it follows, that

Wi; S Wi (6.8)

Every (1,z) € Wllj can be written as

(Ta LI:) = (T,CE1j, w%j(ﬂxlj))
and every (1,y) € ij as

(Ta y) = (7-7 Yij, w%] (7-7 yl])) .
For (1,y) € W12j we get by (6.8) that (1, ylj,w%j(T, Y1) € Wllj - ij. Thus

(Ta Yij, w%j (Ta ylj)) = (7_7 Yij, w%] (Ta ylj))

and it follows, that Wllj = W12j. The argumentation for Wji1, is similar.

The following Lemma shows, that we can even get a quasiboundedness result for
every solution of the standard system.

Corollary 6.1.15 Under the assumptions of Theorem 6.1.13 it follows, that for every
(1,z) € R x R? the solution u(-,7,) is v+ -quasibounded for every v € (B, + KL,x),
and v~ -quasibounded for every v € (—oo,aq — KL). In particular, the standard system
(6.7) is asymptotically stable, if B, + KL < 0.

Proof. Define the ertended system on R? x R by

&= A(t) + F(t,z) (6.9)
Y=y
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where A € (5, + 39, 00). Denote the solutions of (6.9) by

p (1, m,y) = (ul 7 w), X y)
for (x,y) € R?xR. The corresponding extended linear system on R?xR is defined by
i = A(t)s (6.10)
Y=y

where we denote the fundamental solution of (6.10) by
ne*t(t,7) = diag(n(t, 7), }¢7).

Note, that the extended linear system fulfills the corresponding relations of Lemma
6.1.11 with a1 < A and a1 — 3 > B, + 0 and the constant K of the standard system
(6.5). Thus we can apply the existence Theorem 6.1.13 and get the unique integral
manifold

WE = {(1,z,y) € RTxR : u®(-, 7, z,y) is v -quasibounded}

for every v € (B, + KL,any1 — KL). Because p®t(-,7,z,y) = (u(-,7,z),ery) it
follows, that y®®!(r,z,y) is yT-quasibounded if and only if y = 0 because v < A. Thus
it follows, that W¢2t = R? x {0}, and the assertion follows.

The other characterization of the standard system follows by considering the ex-

tended system with A\ € (—o00, a7 — KL). =

The linear integral manifolds W;;,1 < ¢ < j < n of a linear (reduced) standard
system ¢ = A(t)z can be defined by W;; = Wi; N W;,. The following proposition
generalizes this for the nonlinear standard system (6.5) to define the integral manifolds
Wij.

Theorem 6.1.16 Consider the (reduced) standard system
&= A(t)z + F(t,z) (6.11)

and suppose, that the following inequality holds:

KL <

. A2
K+1 (6.12)

Then for every i,j with 1 <1 < j < n the intersection
W,'j = le N Win,

is an invariant fibre bundle of (6.11). For every (i, ) # (1,n) the integral manifold W;;
is a graph

Wij = {(7‘, .’E) € R x Rd : :EZJE = wij(r, iEZ])}
of a continuous mapping
Wij : Rx Eij — EZJ]'

and the following statements are satisfied:
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(a) If i > 1 and j < n then the integral manifold W;; is uniquely characterized by
Wij ={(1,z) : pu(-,7,2) is y; - and 7f—quasibounded}
for every v; € (Bi-1 + KL,a; — KL) and v € (Bj + KL,aj41 — KL).
(b) The invariance equation
A5 (7, @) = wij(t, paj (t, 7, )
is satisfied for every t € R and (7,x) € Wjj.

(c¢) For every T € R, z;;,vi; € E;; the inequality

K2
i (7, 2i5) — wi (T, yiy) | < =7 235 — wisl

is satisfied and we have w;j(1,0) = 0.

(d) If the right hand side of (6.11) is periodic in t with period ©, then the mapping
wy; 18 also periodic in t with the same period.

Proof. Cf. Satz 4.19 in Siegmund [29]. =

Remark 6.1.17 Note, that the integral manifolds are uniquely defined for the system
(6.11). Because the Wi; and Wji1, are uniquely defined according to Remark 6.1.14,
their intersections are unique, too.

Up to now, we only considered invariant fibre bundles through the trivial solution in
0. We will now make the generalization of integral manifolds through arbitrary solutions.

Theorem 6.1.18 Consider the (reduced) standard system
z=A(t)z + F(t,x) (6.13)

and suppose, that the following inequality holds:

5
KL . 14
<K+l (6.14)

Then there ezists for every i,j with 1 < i < j < n,(i,j) # (1,n) an unique mapping
wij : Rx E;j x R x RY — EZ%, such that for every 7* € R and every z* € R¢ the graph
Wiilr*, 2] = {(1,z) e R x R? : mf; = w;i (T, 45, [T, 27]) }
of the mapping w;;(-,-, [T*,2*]) can be characterized in the following way:

For 1 <i<j<n we have

Wilm*, 2" = {(m,z) : p(-, 7, 2) — p(-, 7%, 2) is 7, - and 'y;-'—quasibounded}
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for every v; € (Bi-1 + KL,a; — KL) and yj € (B + KL,aj41 — KL).
For i =1 we have

Wylr*, ) = {(r,z) : p(, 7, 2) — p(, 7, 2%) is v -quasibounded}

for every v € (Bj + KL, oj11 — KL).
For 7 =n we have

Winl[t*, 2% = {(1,z) : pu(-,7,2) — p(-, 7%, %) is v~ -quasibounded}
for every v € (Bi—1 + KL,a; — KL). The mapping w;; has the following properties:
(a) For every T € R,z;j,yi; € Eij and (7*,2*) € R x R? we have

lwis (7, zij, [T, 27]) = wij (7, yig, [T DI < 577 235 = visl -
b) The graph W;;|T*,x*] is an invarian fibre bundles or integral manifold of (6.13),
7]

the so called W;j;-integral manifold through (7*,2*) or the solution ¢(-, 7%, z*).

(c) The mapping wij : Rx E;; x R x RY — Ef]- is continuous.
Proof. Satz 4.25 in [29]. m

The following corollary is important for the results about the asymptotic phase (cf.
Corollary 6.1.21). It supplies us with a sharper characterization of the quasiboundedness
properties of trajectories in the integral manifold.

Corollary 6.1.19 Let the conditions of Theorem 6.1.18 be fulfilled, and let j € {1,... ,n—
1}. Then for every v € (Bj + KL,aji1 — KL) and every 1 € R,z € R? the following
statements hold

(a) For (7,y) € Whj[7,z] we have

K(y— B .
|u(t, 7, 2) — p(t, 7, y)|| < ')/—(67—;(2[/ ||-’131j — y1j|| eY(t=7) fort >,
J
¥— B — KL

|t 7y ) — p(t, 7y)|| > o |21y — g ) fort < 7.
K(y— ;) 7o

(b) For (1,y) € Wji1,[T,z] we have

K(aj+1—7) -
p(t, 7, 2) — pt, 7 y)|| < o~ 17+ %L 1%+ = Yitial ) fort <,
J
Clj+1 - + KL

%41, — Yjsill €T fort > 1.

,UtaTVT _Nta’ray Z
|ut, 7, 2) — pt, 7 y)ll K(a1 =)
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Figure 6.2: The integral manifolds Wi;[7*,z*] and W; 41 ,[7*,z*] through the solution
90('7 T*a .iE*)
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Proof. We show the first inequality of (a), the other statements follow in the same
way. Let (7,y) € Wy,[r, z] and define

V(t) = u(ta T, y) - /'L(ta T, IE)
Then v(+) is a solution of the ordinary differential equation
5= A(t)z + F(t, 2, [, ) (6.15)

with

F(t,z,[r,z]) := F(t,z + p(t,7,z)) — F(t, u(t, 7,2)).

This differential equation fulfills all the conditions of Theorem 6.1.13. Now we have to
pick out some details of the proof of Theorem 6.1.13, which was made by Siegmund [29],
Satz 4.16, page 116-128. First with P = R x R, we define the fixed point operator T
corresponding to the system (6.15) as in equation (4.22) on page 138 in [29], i.e.

el e [ M)z [ gt )Py (s, 8(s), [, ) ds
T(¢, 9 [ ’ ]) . ( - fix; 77j+1,n(ta S)Irj-l-l,n(sa ¢(3)a [Ta "If'])ds )

for t > 7 and ¢ : [r,00) — R? yF-quasibounded with ¢14(7) = z1;. Let b, Y1j —
z14, [T, z]) be the fixed point of T'(-,y1; — z1;, [T, z]). Then é is a solution of (6.15) by
construction (see page 118 and Lemma 4.11 (a) in [29]). Furthermore we have

~

¢(Ta T,Y15 — T14, [Ta "E]) = (ylj — T1y, ’lI)lj(T, Y15 — Ty, [Ta .’L’]))
where 1 is the function which defines the integral manifold W ; of the system (6.15).
But as in the proof of Satz 4.25 in [29] on page 138 we get
w1 (T, Y14, [T, 7)) = W1(7T, y15 — p15(7, 7, 2), [, 7]) + ij(T, T,T).

Here the wy; is the one from Theorem 6.1.18. Thus it follows, that

A

&7, 7,915 — x4, [T, 2]) = v(7)

and the solutions <;3(, T,Y1j; — Z14, [T, z]) and v(-) of (6.15) are identical. Now by relation
(4.28) at page 122 in [29] we finally get

it 7,) = it 7, @) | = |9t 7915 = 245, [7,2)) = (&, 7,0, )|

K(y —B))

N TRy t—7)
- ’y—ﬂj — KL

lly1j — w151 ¢
forallt>7. m
The preceding lemma supplies us with the remarkable result, that the differences

w(t,7,y) — u(t,7,z) are not only y'-quasibounded, we have also a unique constant in
front of the ¢?*~7)-term for all y lying on the invariant fibre bundle.
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6.1.3 Asymptotic Phases

The concept of the asymptotic phases goes back to A.M.Lyapunov [23], where he devel-
oped this concept for periodic solutions of analytic differential equations. For invariant
manifolds with asymptotic phases and further references see B.Aulbach [4]. Here we cite
a theorem which can be found in Siegmund [29] for asymptotic phases of the hierarchy
manifolds in Theorem 6.1.13.

Theorem 6.1.20 Let the conditions of Theorem 6.1.18 be fulfilled. Then there exist for
every j € {1,... ,n — 1} unique mappings

Prj i RxRE = Wi and Pjyip: Rx RY = Wiy,
the so called asymptotic phases for Wi; and Wj1,, with the following properties:
(a) There are mappings Pij, Pjyin: R X R - R? with
Prj(r2) = (1, Py(r,2))
Pisin(T,2) = (7, Pigia(7,2))

for allT € R,z € RY, i.e. 751]- and 759'4-1,71 are fibre mappings. They map for every
7 € R the fibre {7} xR? of the invariant fibre bundle R x R? onto the corresponding
fibre {1} x Wy(1) resp. {1} X Wjt1,0(7).

(b) For every T € R,z € R¢ and every v € (8j + KL,aj11 — KL) we have

w7, 1) — u(-,ﬁ1j(7, x)) is v -quasi bounded,
p(, 7, ) — U('aﬁj—{—l,n(T, z)) is ¥y -quasi bounded.

(¢) The mappings P1; and Pji1n (and therefore Pij and Pjy1n, too) are continuous
and for all T € R,z € R¢ the inequalities

2
; <
1Py 2)ll < 1=

[Pis1n(r, 2)|| <

]l (6.16)

2
— sl (6.17)

are satisfied with C = {fi}L. Furthermore for all 7 € Rz € Wjt1,(7),y €
Wi;(7) we have Pij(r,z) =0 and Pjiin(r,y) =0.

(d) The mappings 751]- and ﬁj+1’n are nonlinear projections, i.e.

~

P1joP1j =Pij and Pjt1n° Pjr1in = Pjtin-

(e) For an arbitrary solution p of (6.13) the mappings P1;(-, u()) and Pji1n(-, p(+))
are solutions of (6.13), the so called asymptotic phases of u, which lie in the
invariant fibre bundle Wi; and Wji1 .
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WET P ) pltT)

Figure 6.3: Asymptotic phase of (7,z) in Wj1n

(f) If the right hand side of (6.13) is periodic in t with period ©, then so are the
mappings P1; and Pji1p-

Proof. Satz 4.28 in Siegmund [29]. =

In the Figure 6.3 we have drawn a possible situation for an asymptotic phase in
the case where 0 € (8; + KL,a;11 — KL). Then according to the preceding Theorem
p(-s 7y 2) —p(-, 7, Pjyin (7, 2)) is v -quasibounded for a y < 0. Thus the two trajectories
converge together as ¢t goes to infinity, but both trajectories are unbounded.

The following corollary characterizes the statement (b) in the preceding Theorem
more precisely.

Corollary 6.1.21 Let the conditions of Theorem 6.1.20 be fulfilled and let j € {1,... ,n—
1}. Then for every vy € (Bj + KL,aj41 — KL) and every 7 € R,z € R? we have

Koy — _r
||/1’(t77—a ‘7") - M(tﬂ—a PU(T,ZE))H < Oé'_|_(1 i_t;_'_ Z()L ||.T - P1j(7',.’1))|| 67(t ) fO’I" t < T,
J
(6.18)
K(y—5))

lz = Pj1n(r,2)l| 7 fort >,

(6.19)

t,7,x) — p(t, 7, Pjyin(T, @ < ——M——
R e
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Proof. Let j € {1,... ,n — 1} . According to Lemma 4.26 in [29] there is a unique
mapping g : R x R¢xR%— R? with

Wil 2](r) N Wil yl(7) = {g(r, z,9)}
for all T € R z,y € R%. For y = 0 we have
Wi;(1) N Wijiin[T,](7) = {9(7,0,2)}.
Then the mappings P; and 751]- are defined by
P1j(1,z) = g(1,0,z) and Py;(, ) := (,P1(7,z))

(see for example the proof of Satz 4.28 in [29]). Now because 751j(7,z) € WjsinlT, 7]
we get with Corollary 6.1.19 (b) the relation (6.18). The inequality (6.19) follows in the
same way. W

As in Corollary 6.1.19 the result is, that the difference u(-,7,z) — u(-, Pij(1,z)) is
not only quasibounded, we also have a constant in front of the 67(t_T)—term, which is
independent of the chosen initial values.

6.1.4 The Hartman-Grobman Theorem

For autonomous differential equations with singular point, the theorem of Hartman-
Grobman (cf. P.Hartman [18], D.M.Grobman [14]) is well known. It says, that hyperbolic
C'-systems are locally topologically conjugate to their linearization at their singular
points. Here we cite the generalization for our nonautonomous standard system. In
Siegmund [29] one can also find a generalization for nonhyperbolic systems (Satz 5.10).

Theorem 6.1.22 Consider the (reduced) standard system
T =A(t)z + F(t,x) (6.20)
with Supyecg perd || F(t, )| < oo, KL < KLH and
0¢X(A).

Then the system (6.5) is topologically equivalent (with respect to the trivial solution) to
the linear system

i=Alt)z (6.21)

via a topologically equivalence H : R x Ré— R? which maps the invariant fibre bundles
Wi,i = 1,...,n of (6.20) onto the corresponding linear integral manifolds R x E; of
(6.21). In particular we have

(a) The mapping H(7,-) : R* — R4, 2 — H(r, ) is a homeomorphism for every T € R,
with inverse H1(r,-), and the mapping H ' : R x R = R is continuous.



164 6. Invariant Fibre Bundles

(b) H(-, u(-)) is a solution of (6.21) for every solution u(-) of (6.20).
(c) H7L(-,v(-)) is a solution of (6.20) for every solution v(-) of (6.21).
(d) H(r,0) = H~(7,0) =0 for all T € R.

(e) If the right hand side of (6.20) is periodic in t with period ©, then so are H and
HL

Proof. Cf. [29] Satz 5.9. m

6.2 Local Theory for Periodic Systems

In this section we consider a special class of periodic nonlinear differential equations on
R?. Consider the system

i = A(t) + F(t,z). (6.22)

where A : R —£(R?) is locally integrable and ©-periodic. Suppose that

F(t,z) = Fo(z) + Y ui(t) Fi()
=1

where F; : R — R is continuous differentiable in the z-component and

F;(t,0) = 0 and
OF;
a—;(t,()) =0forallteRi=1,...,m,
and

t— u(t) := (ur(t),... ,um(t))

is a locally integrable and bounded function which is ®-periodic. Such systems naturally
occur for control affine systems with singular points. We will denote the system (6.22)
as the original system and the solutions by ¢(-, 7,z). Note that this system is in fact a
standard system in the sense of Definition 6.1.10.

Now in general such a system does not fulfill the assumptions of Theorem 6.1.13.
Thus we can not apply this Theorem, to get the existence of (global) invariant fibre
bundles through the trivial solution.

For obtaining at least local results near the fixed point 0, we apply the following
reduction process on the original system. This will play an important part in the Chapter
3 and 4. Here we introduce the necessary notations for this chapters.
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6.2.1 The Linearized System and Floquet Theory

Associated to the original system (6.22) is the linearized system
z = A(t)z (6.23)

We denote by 7(t, 7) the fundamental solution of (6.23). Because A(-) is ©-periodic we
can apply Floquet Theory to transform the nonautonomous system in an autonomous
one, see for example Sansone and Conti [27]. There is a matrix @ € £(C) with n(0,0) =
e®Q. If we define R := Q + Q € R¥*¢ we have 1(20,0) = ¢®% and we get

n(t,0) = g(t)e>'”
where
g(t) :== n(t,O)e_%tR (6.24)
is 20-periodic and differentiable for almost all ¢ € R..
The linear transformation

z = g(t)z
transforms the nonautonomous linear system (6.23) into the autonomous system

z2=Rz. (6.25)
If we denote the fundamental solutions of (6.25) by n(t,7, R) := e"7)%  then we have

n(t, 7)g(r) = g(t)n(t, 7, R).

Thus it follows, that g(t) is a kinematic similarity transformation, compare Definition
6.1.8. The eigenvalues o1,... ,04 of 7(0,0) are called characteristic roots or char-
acteristic multipliers of the system (6.23). The eigenvalues &1,... ,&; of R which are
determined by (6.23) only modulo 2 are called chararcteristic ezponents . Because o?
are the eigenvalues of 7(20,0) we have o; = 296 for § = 1,... ,d by numbering them
in the right way. Note, that \; := Re(&;) are just the Lyapunov exponents of (6.25), and

we have
E(R) = {Ala s aAd}'

Because the transformation g(¢) is a kinematic transformation it follows by Proposition
6.1.9 that

3(R) = X(A4)
and A1,...,Aq are the Lyapunov exponents of the nonautonomous system (6.23).

For the further construction of the invariant fibre bundles, we impose the following
condition, which shall be valid for the rest of this section.
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Condition 6.2.1 There is a k € {1,... ,d — 1} such that the Lyapunov ezponents of
the linearized system (6.23) have the property

/\12---2)‘k>/\k+12---2)\d-

Let X denote the sum of the generalized eigenspaces of R of the eigenvalues &1, ... &
and Y the sum of the generalized eigenspaces of the eigenvalues €41, ... ,£;. Then every
point z € R? = X @Y can be written in the form z = z + y with unique z € X,y € Y.
Now R* = X @Y and X x Y are algebraically and topologically isomorphic by means
of the continuous isomorphism

P: RYE &5 XxY
z +— (Pxz,Pyz)

with the linear projections Px : R* — X and Py : R — Y onto X and Y. We define
the function Pg' : X x {0} — R? by Py'(#,0) = = and Py' : {0} x Y — R? by
P, '(0,y) =y . Then P~Y(z,y)" = Py'z + P, L.

Remark 6.2.2 If we use the norm ||| on RY we define the norm |||y on X XY by

16, 9) | x xy := max {[| Py (2, 0)]|, | Py (0, 9)[} -

If it is clear, in which space we are and which norm we use, we just write ||| for the
corresponding norm.

With the help of this projection we define the following blockdiagonal linear system
on X xY

=A%z

- 6.26
y=A4"y (6:26)

with AT := PyRPy Land A~ := PyRPy !, The fundamental matrix of equation (6.26)
will be denoted by

V(taT) = dia‘g(VX(taT)a VY(t7T))
where vy is the evolution operator of # = A%tz and vy of y = A~y. Note, that

v(t,7)(z,y)T = Pon(t,7) o P71 (z +y). Tt is clear, that S(diag(AT, A7)) = £(A).
Furthermore we define for the nonautonomous system (6.23) the subspaces

(t)X7

X(t) =g
=g(t)Y.

(6.27)

for every t € R. Note, that we have RY = X (t) ® Y (¢) for all t € R.
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6.2.2 The Transformed System

Define the transformation

F: RxR¢ — XxY

(tz) v Pog \(t)r, (6.28)

where for abbreviation we write
Flt):=(F@#) ' =Pog () ' =g(t)o P forallt e R

With the transformation F, the original system (6.22) gets transformed into the follow-
ing differential equation on X x Y

r= At F+

‘IL.. _"E + _(t,.’I;,y) (629)
y=ATy+F(tzy)

which we call the transformed system . Here FT : Rx X xY — X and F~ : Rx X xY —
Y are ©-periodic in the ¢-component and continuous differentiable functions in the (z, y)-
component, defined by

Fi(t,z,y) := Fy (t,z,9) + Y wi(t)F (¢, 3, ), (6.30)
i=1

F(t,z,y) == Fy (t,2,9) + Y wi()F (t,3,y), (6.31)
=1

where

F(t,z,y) := Px o g~ '(t) o Fi(t, F ' (t,2,y)),
F (t,z,y) == Pyog™'(t) o F;(t, F~'(t,z,v)).

Note, that the system (6.29) is also a standard system in the sense of Definition 6.1.10.
The solutions starting at time 7 at point (z,y) € X xY will be denoted (¢, 7, z,y) and
they are unique and exist for all ¢t € R.

Then we have the following relations between the transformed system (6.29) and the
original system (6.22)

o(t,7,2) = FH(E)p(t, 7, F(7)2)),

for every (z,y) € X xY,z € R and t,7 € R.

Remark 6.2.3 The norm || on R? and the norm ||-||xyy on X x Y define the in-
duced norms ||| gga xxy) on LR X xY) and [l c(x xvray on L(X x Y,R%). For
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abbreviation we will write | F(t)| instead of H}-(t)”C(Rd,XxY) and H]—"‘l(t)H instead of
”Fﬁl(t)Hﬂ(XxYRd) and by definition we have

|7 @)l
[F@) = ——
pERE p=£0 ||P||1Rd
and
F(t)(z,y)"
Hffl(t)” = sup ” ()(wTy) ”Rd.
(z,y)eX xY,(z,y)#(0,0) ||(1E,y) ||X><Y

Note that we then get for every z € R, (z,y) € X xY and t € R
IF @)=l < |1F@) 2] and [F7H @) ()" || < [|F7H @) |2 9)7 ]

Now the functiont — ||F(t)|| is continuous, and because it is periodic, it is even bounded.
Hence we define

| F|| := sup || F(t)] < oo and ||.7-"71|| = sup H}"fl(t)H < o0.
teR teR

6.2.3 The Reduced Standard System

Because we want to apply the existence Theorem 6.1.13 for invariant fibre bundles, we
have to manipulate the transformed system (6.29) outside some neighborhood around
the origin. We do this by applying a radial retraction to the nonlinear part of the
equation.

For € > 0 a radial retraction 7. is a function r. : X X Y — cl B.(0), defined by

(o) = { (y)  for |(zy) <e
DY) = (o) for [|(zy)] > €

The radial retraction . is uniformly Lipschitz continuous with global Lipschitz constant
1 (see for example H.Amann [1]). If we define

F;’(t,x,y) = F+(t’ rs(x,y)), (6-32)
F-(t,xz,y) = F (t,r(z,y)), (6.33)

for allt € R and (z,y) € X x Y, we get the reduced standard system

= Az + FF(t,z,y)

: 2 6.34
y=DBy+F(t,z,y) (6.34)

on X x Y which coincides on Rx cl B;(0) with the transformed system (6.29). Note,
that this differential equation is in fact a standard system in the sense of definition
6.1.10. The functions F,;f :Rx X XY — X,F, : Rx X xY — Y are O-periodic in
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the t-component and Lipschitz continuous in the z-component. The solutions starting
at time 7 at point (z,y) € X x Y will be denoted p,.(t,,,y,u") and they are unique
and exist for all t € R.

The radial restriction now supplies us with the necessary tool, to adjust the Lipschitz
constants of the right hand side.

Lemma 6.2.4 Let L,Q > 0. Then there exists an ¢ := e(L,Q) > 0, such that the
nonlinearities of the restricted system (6.34) fulfill the following properties:

|F (8 2,y) — F (¢ 2, y")|| < L|(2,y) — (@, 9)]|
|E- (t2,y) — Fo (t2',)| < L|(2,y) — (9|,
||F (tz,y)| <Q,
|F (¢t z,)]| < Q,

for all (z,y),(z',y") € X XY and all t € R.

Proof. For each t € R the function (z,y) — F*(t,z,y) is a differentiable function

OF* (t,2,y) _
f T |(5y)=(00) 0 for each t € R

there exists an £(¢) > 0 with ||[FT(¢,z,y) — FT(t,2",y)|| < £|(z,y) — (z',y")|| for all
(z,), (¢',y') € clB,y)(0),t € R Since the functions F*(t,z,y) are ©-periodic in
the t-variable and have the special structure (6.30), there exists an ¢ > 0 with ¢ <
inf;ej0,20) £(t). Thus we get

with continuous first derivative. Because o

||F+(t,$,y) - F+(t,.’L‘I,y’)H <L ||($,y) - (Ilayl)H
for all (z,v),(z',y’) € c1 B;(0) and all t € R. This implies

|F (¢, 2,y) — FE (62!, o))|| = ||[F*(tre(2,9) — FH (e (o)
<L HTE('Tay) - TE(wl’yl))H
<L (y)" = @ y)|

for all (z,y),(z',y') € X XY and all t € R. By choosing € > 0 eventually smaller, we
get by the same argument, that

HFg(t,x,y) - Fsi(t’xlayl)” <L H(:I:ay)T - (xlayl)TH

By choosing € small enough we can also achieve, that the mappings F." and F_ are
bounded. =

Remark 6.2.5 The lemma shows, that for every given L > 0 there is an (L) > 0 such
that the nonlinearities F:(_L) and FE_(L) of the restricted system (6.34) have L as Lipschitz
constant. But the number (L) is not uniquely defined, because for every 0 < € < e(L)
the nonlinearities F.* and F- have also L as Lipschitz constant. To overcome this
nonuniqueness we now introduce the following convention.
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Convention:
For every L > 0 we choose ¢(L) > 0 such that the nonlinearities FJ(L) and F_ )
have L as common Lipschitz constant and such that the function

e:R—R,Lw— e(L)

is monotone decreasing. In particular we have limy,_,o (L) = 0.

6.2.4 Local Invariant Fibre Bundles

In this last preparation step we choose constants which are related to the dichotomy
spectrum and the Lipschitz constant, such that the assumptions of Theorem 6.1.13 are
fulfilled.

e We choose a, 8 € R with
Aet1 < B < a < Ag. (6.35)
If Ak+1 < 0 < Ag, then we choose «, 8 such that
A1 < B <0< a< Ag. (6.36)
and if A; < 0, the we choose another B € R such that

A < B <. (6.37)

e We choose 6 € R such that

0<d< ﬂ%“ (6.38)

If Ag+1 <0 < Ak, then we choose § € R eventually smaller such that
0€ (B+6,a—71).
If A1 < 0 then we choose § € R eventually smaller such that

B+6<0.

e We choose K = K(«a,3) > 1 such that the following inequalities are satisfied

vy (t,7)]| < KePET) for ¢t > 7,

lox (67| < Ke®t=7) for t < r. (6-39)

This choice of K is possible according Lemma 6.1.11.
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e For the chosen constants a,B,B,K,(S there is a L* > 0, such that for every 0 <
L < L* the relation

1)
K+1

KL< (6.40)

is fulfilled. Note that we have

and we define £* := ¢(L*).

F5+L (t,w,y) _F:_L (t,l",y,) < L”("an) - (wlayl)Ha
(L) (L)

Fuy(tay) = oy (62| < 2l (@w) = ()]

Thus by choosing L € (0, L*] we can apply Theorem 6.1.13 to the restricted system
(6.34) with € :=¢(L).

Definition 6.2.6 Let € € (0,e*]. For the reduced standard system (6.34) we define
(a) the unstable fibre bundle X; C Rx X XY which is characterized by

X.={(r,z,y) € RXxX XY : pc(-,7,2,y) is v -quasibounded}
={(r,z,y) ERxX x Y :y = wl(1,2)}

for every v € (B+ KL,a— KL) with corresponding mapping w} : Rx X =Y and
(b) the stable fibre bundle Y. C Rx X x Y which is characterized by

Ve ={(1,z,y) E RxX XY : p(-,7,2,y) is v -quasibounded}
={(r,z,y) e RxX xY :z =w_ (1,9)}

for every vy € (8 + KL,a — KL) with corresponding mapping w; : RxY — X.

Remark 6.2.7 Note, that X. and Y. are uniquely defined and do not depend on the
chosen «a, B, K,§ by Remark 6.1.14.

The maps w],w, are defined as in Theorem 6.1.13. We use here another notation
than in Section 6.1. For our purposes a finer decomposition is not necessary.

Now with the help of the stable and unstable fibre bundles, which are global objects
for the restricted system (6.34), we can define the local stable and unstable fibre bundles
for the original system (6.22).

Definition 6.2.8 Let € € (0,£*]. For the original system (6.22) we define
(a) the local unstable fibre bundle X!¢ C R x R? by

XEIOC ={(r,z) € R x R (r,F(r)x) € X}
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(b) and the local stable fibre bundle Y% c R x R? by
Yoo .= {(r,z) e R x R?: (1, F(1)z) € Y.}

The stable and unstable fibre bundles & and ). are invariant, i.e. for all (1,z) € X
we have p.(t,7,z) € X.(t) for every t € R. Now the local fibre bundles X!°¢, Y!¢ are in
general not invariant. But if we start in the hyperbolic case close enough to the singular
point, then the corresponding trajectories stay in the fibre bundles.

Lemma 6.2.9 Suppose, that M\p11 < 0 < A\g. Then there is an & € (0,e*] such that for
every € € (0,€] there is a neighborhood W = W (€) C R? such that for all p € X°¢(T)nW
and all g € Y°¢(1) NW we have
w(t,m,p) = T @O9(t, 7, F(1)p) = F (e (8,7, F(r)p) for all t < 7 and
Pt 7,0) = F 0%t 7, F(r)a) = F~ (pe(t, 7, F(7)q) for allt > 7.
In particular
im o(t,7,p) =0,
Jim _o(t,7,9) = 0.
Proof. Because A\g11 < 0 we can choose ,f € R with (6.35) and 8 < 0 < a.

Choose 6, K € R such that (6.38) and (6.39) are fulfilled. Then there exists a L € (0, L*]
such that (6.40) if fulfilled and

B+KL<0<a—-KL.

A

Define ¢ := ¢(L). Now for every (7,z,y) € X. we have by Corollary 6.1.19 for every
ve(B+KLa—KIL)
K(a—7)

— " _(z,y)]|[ " fort< .
e el

e (t, 7,2, y)|| <

Thus by choosing v > 0, we see that we can choose for every neighborhood V! € X xY
of 0 a neighborhood W' of 0 such that for every (7,z,y) € X: N W' we have
pe(t,7,z,y) € V' for all t < 7.

Again by Corollary 6.1.19 it follows, in the same way, that by choosing W’ eventually
smaller we have for every (7,z,y) € Y. N W'

pe(t,,x,y) € V' for all 7 < t.

Thus, for every L € (0,L], we can find for every neighborhood V! € X x Y of 0 a
neighborhood W' C X x Y of 0 such that for all 7 € R, (z1,11) € Xo)(7) N W' and
(z2,92) € Very(r) N W'
pe(ry(t, T, T1,91) € V' for all t < 7 and (6.41)
pre(r) (8, 7, T2, y2) € V! for all 7 < ¢. (6.42)
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Now for ¢ € (0,¢] choose a L € (0,L] with ¢ = (L) and choose the neighborhood
W' C X xY of 0 with (6.41) and (6.42) which belongs to V' := B.(0) C X x Y.
Because the restricted system (6.34) and the transformed system (6.29) coincide on
cl B.(0), we get for all 7 € R and (z1,y1) € X(7) N W' and (z2,y2) € V(1) N W'

Y(t, 7,21,y1) = pe(t, 7,21,y1) for all t < 7 and
Y(t, 7,29,Y2) = pe(t, 7, z2,y2) for all 7 < t.

Thus it follows, that for every 7 € R and p € X'¢(7) N F~L(r)W' and q € Y.(7) N
F i)W

o(t,7,p) = F L({t)(t, 7, F(r)p) for all t < 7 and
o(t,7,q) = F (t)(t, 7, F(1)q) for all 7 < ¢.

Because F~! is periodic it follows, that there is a neighborhood W C R of 0 such that
W Cc F ()W’ for all t € R. Then the assertion follows with this W. m

If all the Lyapunov exponents are negative, then 0 is a locally asymptotic stable
fixed point for the original system (6.22).

Lemma 6.2.10 Suppose, that \y < 0. Then there is an & € (0,&*] such that for every
e € (0,€] there is a neighborhood W (e) C R of 0 such that for all p € W (e) we have

o(t,7,p) = F L) p(t, 7, F(1)p) = F () pe(t, 7, F(7)p) for all t > 7.

In particular for every neighborhood V. C R% of O there is a neighborhood W C V of 0
such that for allp e W

o(t,7,p) €V for allt > T,
Jlim (2, 7,p) = 0.
Proof. Because Ay < 0, we can choose a, 3, 3 with (6.35) and (6.37) such that
B+6<0.

Then there exists a L € (0, L*] such that (6.40) is fulfilled and S+ KL < 0. Define £ :=
g(L). Then it follows by Corollary 6.1.15, that the restricted system is asymptotically
stable for all € € (0,£]. We can find neighborhoods V! C X xY and W/ C X x Y of 0
such that for all 7 € R, (z,y) € W' we have

pe(t, 7, m,y) € V' for all t > 7 and

li — 0.
Jim pae (2,7, 2,y) = 0

By choosing V' C B.(0), the assumptions follows as in the proof of Lemma 6.2.9. m
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If we fix € > 0, then the (global) stable and unstable fibre bundles X, and ). are
unique for the reduced system (6.34) corresponding e. But if we vary ¢, we get different
restricted systems, and it follows, that the fibre bundles for different ¢ also are different,
i.e. if € # ¢ then we have in general X, # X... Thus it follows, that the local stable
and unstable fibre bundles also vary for different . The next lemma shows, that in the
hyperbolic case at least locally around the fixed point 0 they coincide.

Proposition 6.2.11 If Ap11 < 0 < Xg, then there ezists a ¢ € (0,€*], such that for
every € € (0,€] there exists a neighborhood W C R¢ of 0 such that for all €' € [e, €] the
following equations hold

xlectynw = xiet)nw,
Y NW = YEe)nw,
forallt e R.

Proof. Choose ¢ as in Lemma 6.2.9, and let ¢ € (0,£]. Then as in the proof of
the Lemma 6.2.9, there is a neighborhood W(e) C X x Y of 0 such that for every
(1y21,y1) € X: N W (e) and (7, z2,y2) € Ve N W (€) we have

pe(t, 7,21,91) € B(0) for all ¢ < 7 and
:u’f:‘(ta T, $2,y2) € BE(O) for all 7 S t.

Because for ¢ € [e,€] the restricted system which belongs to & coincides with the
restricted system which belongs to € on Rx B.(0) we have

pe(t, 7,21,1y1) = per (¢, 7,21,y1) for all ¢ < 7 and
u&(ta T, $27y2) = us’(ta T, $27y2) for all ¢ <T

for all (7,z1,y1) € X. NW(e) and (7, z2,y2) € Y. N W ().
Choose L, L' € R with ¢ = ¢(L) and ¢’ = ¢(L'). Then because L < L' it follows,
that there isa v <0

ye(B+KL,a—KL)N(B+KL,a—KL).

For (1,z1,y1) € W(e) the solution g (t,7,21,71) is 4 -quasibounded if and only if
(z1,y1) € Xe(7). Thus it follows

X.(7) NW(e) = Xur(7) N W (e).

On the other hand for (7, z2,y2) € W (e) the solution p (¢, T, z2,y2) is v-quasibounded
if and only if (z9,y2) € V(7). Thus it follows

V() N W (e) = Ver (t) N W (e).

As shown in the proof of Lemma 6.2.9 there is a neighborhood W C R? of 0 such
that W C F1(t)W (e) for all t € R and the assertion follows. =
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In the last part of this section, we show how close the (nonlinear) fibre bundles are
to their linear analogon X (¢) and Y (¢). First we have to introduce the notion of a cone
around a subspace.

Definition 6.2.12 Let w > 0 and let V be a nontrivial subspace of R¢. Then the cone
K, (V) around V with angle w is defined by

Ky (V) = {'U+w€]Rd' v € V,w € R with (v',w) =0 for allv' €V }
(V) = : .

and [lw] < wllv]|

We need the following technical lemma, which shows, that cones around X and Y
can be transformed into a subset of cones around X (¢) and Y (¢).

Lemma 6.2.13 For every w > 0 there exists a k > 0 such that for all t € R

Fr®){(z,y) € X xY & |yl <wlz]} C Ku(X(2))
FUt){(@y) e X xY: |l <xllyl} € Ku(Y ().

Proof. We show the first relation, the second follows in the same way. Assume,
that there is no such x > 0, which means, that there is a sequence (ty,Zn,Yn)nen C
[0,20]x X xY such that [|y,|| < L ||lz,|| and F~1(t,)(z,y) € Ku(X(t,)). We can assume,
that ||z,|| = 1, because if F~!(t,)(z,y) & Ku(X (tn)), then oF (1) (z,y) & Ku(X (tn))
for all « € R\ {0}.

Since limy, 00 Y, = 0, there is a subsequence which we denote again by (¢, Zn, Yn)neN
with limy, oo (tn, T, yn) = (t*,2%,0) € [0,20] x X x Y. But this means, that

lim F 1 (tn) (zn, yn) = F (%) (z*,0) € X(t¥),

n—oo

which is a contradiction. m

Now the last lemma shows, that by choosing & > 0 small enough, the fibres X°¢(t), Ylo¢(t)
are arbitrarily close to their linear analogon X (t),Y ().

Lemma 6.2.14 For every w > 0 there is an €(w) > 0 such that

Xloo() € Ko(X(2)) and
Yiee(t) € Ky (Y (1))

for all e € (0,e(w)] and t € R.
Proof. Let L € (0, L*], then by definition of X,(z) and ), (1) we have

Xy ={(r,z,y) ERxXXY :y= w:'(L)(T, z)}

Very =1{(1,7,y) ERXXXY : 1 = ’LUE_(L)(T, y)}
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with
K?L
+ =
st(L)(T’x)H < 5—gg ol and
_ < K?L
for every (7,z,y) € Rx X xY. For abbreviation we write x(L) := Jlf;LL. This means,
that

Xer) C{(m7,y) € RxX XY : |lyl| < w(L) ||=[]},
Very C{(r,2,y) € RxXXY : |lz]| < (L) [|lyl]}-

Now according to Lemma 6.2.13 for w > 0 there exists a x > 0 such that for all t € R

FHE{(t,z,y) € RxXXY : |lyll < & 2]} C Ku(X(2))
FHO{(t2,y) € RxXXY ||z < & lyll} € Ku(Y(2)).

Thus by choosing L small enough such that k(L) = & the assertion follows with ¢ := ¢(L).
u
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Notations

N :={1,2,3,...}, the postive integers
Ny := NuU{0}

Z the integers

R the real numbers

Rt ={zeR:z >0}

]Ra' ={z€eR:z >0}

R ={zeR:z <0}

Ry ={zeR:z <0}

R¢ d-dimensional vector space over R

C the complex numbers

S4 := {z € R¥*! : ||z|| = 1}, the d-dimensional unit sphere

i the d-dimensional real projective space

TM tangential bundle of a smooth manifold M.

T, M tangent space at the point £ € M of a smooth manifold M

d(-,-) metric

L(X,Y) space of linear mappings between the vector space X and Y

L(X) = L(X,X)

gl(X,Y) space of linear and invertible mappings between the vector
space X and Y

gl(X) = gl(X, X)

C space of continuous functions

c" space of n-times continuous differentiable functions

clM closure of a topological space M

int M interior of a topological space M

B.(z) ={yeR: |y <e}forazeRl

B.(M) := Ugep B:(z) for a set M C R

diam U := sup{||z — y|| : z,y € U} diameter of U C R?

u admissible control functions

o(t, T, z,u) solution at time ¢ with init value z, starting time 7 and
control function u

OIT, O_p positive and negative orbit up to time 7', page 8

ot,0— positive and negative orbit, page 8

LA Lie algebra generated by vector fields, page 9

Ara(z) subspace of tangent space in z, generated by vector fields

181



182 Notations

in LA, page 9
A(D) domain of attraction of a control set D, page 10
=< reachability order, page 10
0 shift on U, page 11
Iy space of integrable functions
Lo space of locally integrable functions
0] control flow, page 12
w(u, ) w-limit set of (u,z) € U x M, page 12
[(X,Y] Lie bracket of two vector field X,Y’, page 129
ad X Y = [X y Y]
adk Y := adx (ad% 1Y)
span{fo,... , fm} vector space with basis fq,... , fm
7 (U, ) =z for (u,z) EU X M
n(t, 7, u) fundamental solution of bilinear control system, page 16
Pn(t, ,u)p solution of the projected control system, page 16
g systems group, page 17
S systems semigroup, page 17
spec(g) spectrum of a matrix g
E(o0) generalized real eigenspace of o
PE(o) ={Pz :z € E(0),z # 0}
= reachability order between main control sets, page 18
D(ug) = {z € P"1:Pp(t,0,u,) € clD for all t € R}
T control flow for the bilinear control system, page 19
7:UXRI 5 RE vector bundle over R?
Pr: U x P41 5 P41 projective bundle
VieV, Whitneysum of two subbundles
Au, ) Lyapunov exponent, page
Ym(D) Floquet spectrum over main control set D, page 21
YF Floquet spectrum of the bilinear system, page 21
Ery(D) Lyapunov spectrum over main control set D, page 21
Yy Lyapunov spectrum of bilinear control system, page 21
A(€) finite time exponential growth rate of (&, 7T)-chain ¢, page 21
Ymo(E) Morse spectrum over a chain control set E, page 21
Ky(V) cone around a subbundle V C U x R? with angle h
Ydich dichotomy spectrum of the linearized system, page 36
/\f Lyapunov exponents corresponding to u”, page 48
A Lyapunov exponents corresponding to u®, page 48
F Floquet transformation, page 167
p(t, T, p,u?) solution of the transformed system, page 52 and 167
pe(t, 7, p,ul) solution of the restricted system, page 52 and 168
e(+) maps to Lipschitz constants, page 52 and 169
L maximal Lipschitz constant, for which fibre bundles exist,

page 52 and 171
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e* maximal £* for which fibre bundles exist for restricted system,
page 52 and 169

Xey Ve unstable and stable fibre bundles for the restricted system,
page 171

Xsloc, ygoc local unstable and stable fibre bundles for the original system,
page 171

P. asymptotic phase of the restricted
system, page 53

P- component in state space of asymptotic phase of the restricted
system, page 53

ﬁé"c asymptotic phase of the original system, page 53

Ploc component in state space of the original system, page 53

He topological equivalence by Hartman-Grobman of restricted
system, page 53

xtee, = {(ta,y) € X, : |, )]| < p}

T, = {(2,0) € X x ¥ : [Jo]| = p}

D, = {(2,0) € X x ¥ : |Jo]| < p}

Te.psDe p target and target disc for the restricted system, page 55

72"’00, Dé‘fg target and target disc for the original system, page 57

W (e) neighborhood, where restricted and original system coincide,
page 57 and 172

€ maximal e for which restricted and original system coincide
locally, page 57 and 172

p*(e) maximal p such that DL%(t) C W (e) for all p' € (0, p*(e),
page 57

Vs, ws neighborhoods where u®-system is locally stable, page 64

p = ple, W?) € (0, p*(¢)) such that DL¢(t) € W* for all p € (0, p), page 64

Xe >, Xe <y upper and lower subspaces for the restricted system, page 78

XE,Z, XE,Z

xloc, xloc, upper and lower subspaces for the original system, page 78

o>, Xe >

Pe,p,< (1), Pe,p,> (1) = XL () N TR, XS () N T

D.,D- control sets in the onedimensional case

K :={ap:p € int D,a > 0} for a main control set D, page 115

K,(X) cone with angle w around X

X(A) dichotomy spectrum of A € L(R?), page 147

esssupycy || f(2)]] :=inf{M > 0:||f(t)|| < M for a.a. t € I}, essential supremum

diag(A1,...,4,) matrix with main diagonal blocks Ay,... , A,

E; vector space according to blockdiagonality of reduced standard
system, page 150

Wij integral manifold, page 156

Wis[T*, z*] integral manifold through solution ¢(-, 7*,z*), page 157

P, Pjyin asymptotic phases, page 161
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H topological equivalence by the Hartman-Grobman Theorem,
page 163



Index

accessibility rank condition, 9 exponential dichotomy
asymptotic phase, 53, 161 control flow, 36

local, 54 linear differential equation, 147

exponential growth rate, 148

bilinear control system, 16 exponentially separated, 20

spectrum, 22, 23 extended linear system, 156

two-dimensional, 24
bounded growth, 148 fibre bundle

local stable, 53, 172

chain control set, 11, 19 local unstable, 53, 171
chain exponent, 22 stable, 53, 171
characteristic unstable, 53, 171

exponent, 165 fibre dimension, 147

multiplier, 165 generalized real eigenspace, 18

root, 165
cone, 175 Hartman-Grobman, 163
construction hyperbolic

general case, 64 system, 51, 62

basic idea, 50

onedimensional case, 81 inner pair, 12
basic idea. 79 integral manifold, 152

invariant fibre bundle
existence, 152
hierarchy, 153
intersection, 156

control affine system, 8
control flow, 12
linearized system, 19

control function :
hyperbolic, 49, 77 through solution, 157
stable. 49 ’77 ’ invariant subbundle

control set, 9 for linearized flow, 20

existence, 13, 14, 72, 94, 107
linearization, 120
nonexistence, 34, 39

kinematic similarity transformation, 149
kinematically similar, 149

controlled chain, 10 Lie algebra rank condition, 16
Lie-determined, 9

disc, 55 limit set, 12, 13, 70, 88, 90

domain of attraction, 10 linear integral manifold, 146

Duffing-van der Pol, 127 linearized system, 51, 165
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INDEX

local accessibility, 8
Lorenz equation, 138
Lyapunov exponent, 21

main control set, 18, 19
control cone, 115
manifold
local stable, 32
local unstable, 32

orbit, 8

projected control flow, 19
projected system, 16

quasibounded, 147

radial retraction, 168
reachability order, 10
reachable set, 8
in N, 39
reduced standard system, 52, 150, 168

shift, 11
singular point, 16
spectral manifolds, 148
spectrum
dichotomy
control flow, 36, 37
linear differential equation, 147
Floquet, 21
Lyapunov, 22
Morse, 22
of a matrix, 18
sphere, 55
strong inner pair, 12
subbundle
stable, 31
unstable, 31
system group, 17
system semigroup, 17

target, 57
target disc, 57
transformed system, 52, 167

Whitney sum, 20



